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Abstract. In this paper, we prove that on any non-singular algebraic variety,
the characteristic classes of Cheeger-Simons and Beilinson agree whenever they
can be interpreted as elements of the same group (e.g. for flat bundles). In
the universal case, where the base is BGL(C)δ , we show that the universal
Cheeger-Simons class is half the Borel regulator element. We were unable
to prove that the universal Beilinson class and the universal Cheeger-Simons
classes agree in this universal case, but conjecture they do agree.
Contents
1. Introduction 1
2. Universal Connections 6
3. The Cheeger-Simons Chern Class 8
4. Deligne-Beilinson Cohomology 14
5. Proof of Theorem 3 23
6. Towards a Proof of Conjecture 4 29
Appendix A. Fiber integration and the homotopy formula 32
Appendix B. Universal weak F 1-connections 33
Appendix C. Simplicial de Rham Theory 34
Appendix D. Additional techniques 42
References 43
1. Introduction
For each complex algebraic variety X , Deligne and Beilinson [2] have defined
cohomology groups
HkD(X,Z(p)) k, p ∈ N
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which map to the usual singular cohomology groups:
HkD(X,Z(p))→ H
k(X,Z(p)).(1)
(Here, Z(p) denotes the subgroup (2πi)pZ of C.) Beilinson [2] and Gillet [20] have
constructed Chern classes for algebraic vector bundles E → X
cBp (E) ∈ H
2p
D (X,Z(p))
whose images under (1) are the usual Chern classes.
In a different direction, Cheeger and Simons [9] have defined characteristic
classes
ĉp(E,∇) ∈ H
2p−1(M,C/Z(p))
for vector bundles E → M endowed with a flat connection ∇ over a smooth man-
ifold. Flat complex vector bundles over an algebraic manifold X can be made
algebraic; we always want to take, as algebraic structure on the bundle, the unique
one with respect to which the connection has regular singularities [12, p. 98].1 We
can then associate to such bundles the pair of characteristic classes
ĉp(E,∇) ∈ H
2p−1(X,C/Z(p)) and cBp ∈ H
2p
D (X,Z(p)).
There is a natural homomorphism
H2p−1(X,C/Z(p))→ H2pD (X,Z(p)).(2)
Our first result is:
Theorem 1. If E → X is a flat algebraic vector bundle with regular singular-
ities over the algebraic manifold X, then cBp (E) is the image of ĉp(E,∇) under (2)
for all p ≥ 1.
Previously known cases of this result are due to Bloch [3] (flat bundles with unitary
monodromy over a smooth projective base) and Soule´ [33] (arbitrary flat bundles
over a smooth projective base). In [5], there is a proof of the quasi-projective case of
Theorem 2 below that is similar to ours (in 4.5) and which invokes our Proposition
6.1.4.
Since both characteristic classes are functorial, the proof of Theorem 1 would
be rather straightforward if, given E → X as in the theorem, one could find a
morphism of X into some Grassmannian f : X → G(n,Cm) and a connection ∇ on
the universal n-plane bundle over G(n,Cm) that classified both the bundle E and
its flat connection. However, it is easy to see that this is impossible in general; the
context of flat vector bundles is just too rigid. For example, if X were compact and
E had nontrivial monodromy, then f could not be constant, implying that c1(E)
is non-zero in H2(X,C), which contradicts the flatness of E. As we shall see, there
are ways to evade this problem.
We first state a generalization of Theorem 1 that goes beyond the case of
flat vector bundles, providing a sort of Chern-Weil theory for DB-cohomolgy for
algebraic manifolds. This applies to algebraic vector bundles with what we call an
F 1-connection — see 4.4.1; flat connections with regular singularities at infinity are
examples of F 1-connections. In order to state the result precisely, one has to first
1If E is given a priori as an algebraic bundle on X with flat connection, it is possible that
the two algebraic structures fail to coincide. See the paragraphs following 4.4.2.
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write X = X −D, where X is compact and D is a normal crossings divisor. Then
one has to define appropriate subgroups
Ĥ2p(X logD,Z(p))
of Ĥ2p(X,Z(p)) and show that there is a natural map
Ĥ2p(X logD,Z(p))→ H2pD (X,Z(p))(3)
and that the Cheeger-Simons Chern classes bundles E overX with an F 1-connection
lie in this subgroup. This is done in 4.4.
Theorem 2. If E → X is an algebraic vector bundle with F 1-connection over
the algebraic manifold X, then cBp (E) is the image of ĉp(E,∇) under (3) for all
p ≥ 1.
We first observe that a necessary condition for Theorem 2 is that the image
of ĉp(E,∇) in H
2p
D (X,Z(p)) is the same for all F
1-connections ∇ on E. This
is verified a priori,—though it appears later in our exposition (as 6.1.4)—and it
greatly simplifies the task.
The proof of Theorem 2 in the quasi-projective case, given in 4.5, goes as
follows. For any algebraic extension E of E to a compactification X of X , there
exists an ample line bundle L on X such that both E ⊗ L and L are generated by
global sections, hence, are pullbacks of universal bundles by regular maps. Since
the conclusion of Theorem 2 is a tautology for the universal bundles, we get the
result by functoriality for E⊗L and L; this implies the same for E itself, hence for
E.2 The reduction from algebraic manifolds to the quasi-projective case is fairly
standard; see our 4.6.
We also formulate and prove the analogous result in the Ka¨hler case in 4.7. In
order to effect this, one has to make distinctions among the various meromorphic
equivalence classes of compactifications, and then of vector bundle extensions. In
the case that X is algbraic, we have been tacitly using the obvious choices, viz. the
algebraic ones (cf. 4.3.8).
From a different point of view, a trick [16] (see 6.1.5) can be used to construct
a model (depending on E → X and its connection) of the universal n-plane bun-
dle En → BGLn(C) in the category of simplicial varieties, a connection on this
bundle, and a morphism of simplicial varieties X → BGLn(C) that simultaneously
classifies the bundle and the connection. For this reason, it is both natural and
tempting to work in the category of simplicial varieties; Cheeger-Simons classes,
DB-cohomology and Beilinson Chern classes all extend directly to the simplicial
setting (cf. Appendix C). We would then want to view Theorem 2 as a special case
of its simplicial analogue. Unfortunately, there remain difficulties in trying to carry
out this approach; see Section 6. An abbreviated account of the above is given in
[39].
Another reason for working within the simplicial category is that we can work
with the “universal case” of a flat bundle. Denote the general linear group of com-
plex n×n matrices, endowed with the discrete topology, by GLn(C)δ. Its classifying
2This is, in essence, the argument in [33], where X = X; see also our crucial 6.1.4. Note that
this argument cannot be used in the complex analytic setting, not even for compact manifolds.
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space BGLn(C)
δ classifies flat complex vector bundles of rank n. The Cheeger-
Simons classes of the universal flat bundle
ĉp ∈ H
2p−1(BGLn(C)
δ,C/Z(p))
are the universal Cheeger-Simons classes.
To generalize a classical theorem of Dirichlet, Borel [4] defined canonical coho-
mology classes
bp ∈ H
2p−1(BGL(C)δ,C/R(p))
which he used to define “regulators” rp : K2p−1(C) → C/R(p) from Quillen’s
algebraic K-theory of C into C/R(p) ∼= H1D(SpecC,R(p)). Denote by xp the
class in H2p−1(GLn(C),Z(p)) that transgresses to the universal Chern class cp ∈
H2p(BGLn(C),Z(p)). For each n, the cohomology class bp restricts to the image
in
H2p−1(GLn(C)
δ,C/R(p)) ∼= H2p−1(BGLn(C)
δ,C/R(p))
of the element ξp of H
2p−1
cts (GLn(C),C/R(p)) that corresponds to the element xp of
H2p−1(GLn(C),R(p)), under the canonical isomorphism
H2p−1(GLn(C),R(p))
∼=
→H2p−1cts (GLn(C),C/R(p)).
This construction and the relevant background is reviewed in Sections 5.1 and 5.2.
Our second main result, proved in Section 5 is:
Theorem 3. The image of ĉp in H
2p−1(BGL(C)δ,C/R(p)) is bp/2.
Since BGLn(C)
δ is a simplicial variety, we also have the Beilinson Chern classes
of the universal flat bundle:
cBp ∈ H
2p
D (BGLn(C)
δ,Z(p)) ∼= H2p−1(BGLn(C)
δ,C/Z(p)).
The homomorphism C/Z(p)→ C/R(p) gives rise to a commutative square:
H2pD (BGL(C)
δ ,Z(p))
∼=
−−−−→ H2p−1(BGL(C)δ ,C/Z(p))y y
H2pD (BGL(C)
δ,R(p))
∼=−−−−→ H2p−1(BGL(C)δ,C/R(p))
We had hoped to prove that
cBp = ĉp in H
2p−1(BGLn(C)
δ,C/Z(p)).
as a case of the simplicial version of Theorem 2, which is stated as 6.1.1. Our
approach in trying to prove that, and some of the difficulties we encountered in our
attempt, are discussed in Section 6. Thus, we are obliged to state the preceding as
a conjecture:
Conjecture 4. For all p ≥ 1 and n ∈ N ∪ {∞},
cBp = ĉp ∈ H
2p−1(BGLn(C)
δ,C/Z(p)).
This conjecture, if true, would imply that the universal Beilinson Chern class
for flat bundles is represented by half the Borel regulator element. Combining The-
orem 3 with the conjecture yields the following conjectural refinement of Beilinson’s
result [2, A5.3] (see also the article by Rapoport in [29]) which asserts that there
is a non-zero rational constant λ such that bp ≡ λcBp modulo the decomposable
elements[
H+(GLn(C)
δ,R) ·H+(GLn(C)
δ,R)
]
⊗ C/R(p) ⊆ H•(GL(C)δ,C/R(p)).
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He used this to prove that his regulators agreed with those of Borel up to a non-zero
rational constant. Theorem 3 yields as a corollary the following strengthening of
Beilinson’s result .
Proposition 5. If Conjecture 4 is true, then the Borel regulator is two times
the Beilinson regulator K2p−1(C) → C/R(p). Consequently, for all number fields
F , the Borel regulator and twice the Beilinson regulator
K2p−1(F )→ H
1
D(Spec F,R(p))
∼= [C/R(p)]
dp
are equal. Here
dp =
{
r1 + r2 p odd,
r2 p even,
where r1 is the number of real embeddings of F , and r2 is the number of conjugate
pairs of complex embeddings.
We wish to stress that even if we considered only flat bundles in our theorems,
it would be necessary to consider Cheeger-Simons classes of bundles with arbitrary
connections [9], as we make essential use of the universal n-plane bundle which
does not admit a flat connection. By definition, these classes take values in the ring
of differential characters. We give a detailed account of Cheeger-Simons classes
and differential characters in Section 3, as we could not find in the literature an
exposition suitable for our purposes. One of the original approaches to Cheeger-
Simons classes uses the construction of a universal connection by Narasimhan-
Ramanan [28]. In Section 2 we give an alternative and more canonical approach to
universal connections. In Section 4, we review Deligne-Beilinson cohomology, and
prove Theorem 2. Next, Theorem 3 is proved in Section 5. Finally, we treat the
issues and traps involved in our attempt to prove Conjecture 4 in Section 6.
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Hain and Zucker would also like to thank the Max-Planck-Institut fu¨r Mathe-
matik for its hospitality and support during the fall of 1987. Hain would also like
to thank the Mathematics Institute at A˚rhus for its support during several visits.
1.1. Conventions. To make all Chern classes compatible with those used in
algebraic geometry, we introduce the algebraic geometers’ Tate twist. Denote by
Z(p) the subgroup of C generated by (2πi)p. For each subgroup Λ of C, set
Λ(p) = Λ⊗Z Z(p).
The isomorphism Z→ Z(p) that takes 1 to (2πi)p induces a canonical isomorphism
H•(X,Z)→ H•(X,Z(p)).(1.1.1)
In this paper, the pth Chern class of a GLn(C) (equivalently, a complex n-plane)
bundle over X is the element of H2p(X,Z(p)) which is the image under (1.1.1) of
the usual topological Chern class as defined, for example, in [27].
Let
Ck : gln(C)→ C k = 0, . . . , n
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be the GLn(C)-invariant polynomials uniquely determined by
det(tI −A) =
n∑
k=0
Ck(A)t
n−k.
Explicitly,
Ck(A) = (−1)
k Tr∧kA.
If E →M is a complex vector bundle with connection ∇ and curvature Θ, then it
is well known (see [21, p. 403]) that Ck(Θ) is a closed form that represents ck(E)
in H2k(M,C).
All varieties in this paper are defined over the field C of complex numbers. We
will work in the complex topology unless we explicitly say otherwise. The complex
of smooth, C-valued forms on a manifold X will be denoted by A•(X).
2. Universal Connections
2.1. Classical formulation. A construction of universal connections was first
given in [28], where the universal bundle U on a Grassmannian GC(n) (or equiv-
alently, its frame bundle) is endowed with a connection ∇U , such that any vector
bundle with a unitary connection (E,∇) on the manifold M is isomorphic to a
pull-back of (U,∇U ) via a classifying mapping g :M → GC(n). More precisely:
Theorem 2.1.1. [28, I§4] Fix positive integers m and n. Then there is a posi-
tive integer ℓ such that any complex n-plane bundle with a unitary connection (E,∇)
on an m-dimensional manifold M is the pull-back of the universal one (U,∇U ) on
the Grassmannian G(n,Cℓ) of n-planes in Cℓ. Moreover, the universal connections
are compatible with the inclusions G(n,Cℓ) →֒ G(n,Cℓ+1).
Remark 2.1.2. The integer ℓ is given explicitly in [28]. Note that it is neces-
sarily larger than would be needed for classifying bundles without connection. Uni-
versal connections are constructed for principal bundles with arbitrary connected
structure group in [28].
2.2. Alternate formulation. For our own purposes, it is better to have an
alternate formulation of universal connections. Let P be a principal bundle, with
structure group G (not assumed to be connected), over the manifold Y . A connec-
tion on P is, by definition, a G-equivariant lifting of the tangent bundle TY of Y
to TP (the tangent bundle of P ). Consider, then, the diagram:
TP −−−−→ TP/G
p
−−−−→ TYy πy y
P −−−−→ P/G Y
In fact, π is a vector bundle projection, and the left-hand square is cartesian. Put
Y˜ = {α ∈ Hom(TY, TP/G) : p ◦ α = idTY }(2.2.1)
Let q : Y˜ → Y denote the natural projection. The following is evident:
Proposition 2.2.2. The connections on P are in one-to-one correspondence
with the cross-sections of q.
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Let g denote the Lie algebra ofG. Associated to any connection is its connection
1-form:
ω ∈ A1(P,Ad(g)).
In terms of the preceding, ω can be described as follows. Let α˜ : TY → TP be the
horizontal lift associated to α, and let ξ ∈ TP . Then one has the simple formula:
ω(ξ) = ξ − α˜(p∗ξ).(2.2.3)
It is convenient to describe Y˜ in terms of a local trivialization of P . Thus, we
replace Y by a sufficiently small open subset, which we still call Y . Then
P ∼= Y ×G,(2.2.4)
TP/G ∼= TY × (TG/G) ∼= TY × g,(2.2.5)
so any α in 2.2.1 is determined by an element α ∈ Hom(TY, g). Thus we have:
Proposition 2.2.6. Y˜ is an affine-space bundle over Y , with fiber Hom(TyY, g)
(for any y ∈ Y ). In particular, Y˜ is a manifold of the same homotopy type as Y .
Given f :M → Y , the pullback of P is, in terms of 2.2.4,
f∗P ∼=M ×G,
so
T (f∗P )/G ∼= TM × g.(2.2.7)
The pullback of the connection is represented by α ◦ Tf ∈ Hom(TM, g).
Consider next the diagram
q∗TP/G q∗TP/G q∗TP/Gx y
T P˜ −−−−→ T P˜/G −−−−→ T Y˜ −−−−→ q∗TY −−−−→ TYy y y y y
P˜ −−−−→ P˜ /G Y˜ Y˜
q
−−−−→ Y
where P˜ = q∗P , the pullback of P along q. By construction, P˜ has a tautological
connection ∇˜, given by the pullback of
β̂ ∈ {β ∈ Hom(q∗TY, q∗TP/G) : β projects to idq∗TY },(2.2.8)
where β̂ is defined by: if y˜ ∈ q−1(y), β̂(y˜) is y˜ : TyY → (TP/G)y. When P ∼= Y ×G,
2.2.8 is determined by β ∈ Hom(q∗TY, g) (recall 2.2.4 and 2.2.5).
Corollary 2.2.9. For any immersion of manifolds f : M → Y and connec-
tion ∇ on f∗P , there is a lifting f˜ : M → Y˜ such that f˜∗∇˜ = ∇.
Proof. By 2.2.2, the connection ∇ corresponds to a cross-section σ of
M˜ {µ ∈ Hom(TM, f∗TP/G) : f∗p ◦ µ = idTM}y
M
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Since f is, by hypothesis, an immersion, the bundle mapping
Tf : TM → f∗TY
is an injection. It follows that the natural mapping
f∗Y˜ Y˜ ×Y M ⊂ Hom(f∗TY, f∗TP/G)yr
M˜
is surjective (it is induced by the dual of Tf). Any splitting of Tf determines a
section s of r. Pick one, and take f˜ = j ◦ s ◦ σ (see diagram below).
M˜
r
←−−−− f∗Y˜
j
−−−−→ Y˜y xf˜ y
M M −−−−→
f
Y
Taking Y to be GC(n), and G = GLn(C), we obtain:
Proposition 2.2.10. The universal bundle U˜ = q∗U on G˜C(n), with its tau-
tological connection ∇˜, is universal for connections on GLn(C)-bundles.
Proof. Any vector bundle of rank n on a manifold can be classified by an
immersion into GC(n). Now apply 2.2.9.
From the above interpretation of universal connections, one gets, for free, the
following useful fact.
Corollary 2.2.11. If g˜0, g˜1 : M → G˜C(n) are two immersions which classify
the bundle with connection (E,∇). Then there is a piecewise-smooth homotopy
h˜ : I ×M → G˜C(n).
from g0 to g1 such that h˜
∗∇˜ is the “constant” connection dt ⊕ ∇ = p∗∇ on p∗E
(p : I ×M →M being the projection).
Proof. Let gj : M → GC(n) be the projection q ◦ g˜j of g˜j. As g0 and g1
are necessarily homotopic, pick any homotopy k from g0 to g1; we may take k :
I ×M → GC(n) to be an immersion. Let k˜ : I ×M → G˜C(n) be a lifting that
classifies p∗(E,∇). This is, of course, a homotopy between its ends, k˜0 and k˜1. By
construction,
q ◦ k˜j = q ◦ g˜j (j = 0, 1),
so k˜j and g˜j can be connected linearly in the affine-space bundle G˜C(n). These
homotopies also classify the constant connection. By combining them with k˜, we
obtain h˜ as desired.
3. The Cheeger-Simons Chern Class
In this section we recall and elaborate on the definition and properties of the
Cheeger-Simons invariant, which can be interpreted as a Chern classes in the ring of
differential characters, associated to a vector bundle with connection on a manifold
[9].
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3.1. Generalities. Let M be a C∞ manifold, S•(M) the complex of C
∞
singular chains on M with integer coefficients, and Z•(M) the subgroup of cycles.
For any abelian group Λ, one has
S•(M,Λ) = HomZ(S•(M),Λ),(3.1.1)
the corresponding complex of Λ-valued smooth singular cochains, whose cobound-
ary operator we shall denote by δ.
Let A•(M) denote the complex of C∞ differential forms on M with complex
coefficients (one could use real coefficients here as well). An element w ∈ Ak(M)
determines a cochain
cw ∈ S
k(M,C)
by the formula
cw(σ) =
∫
∆k
σ∗w(3.1.2)
whenever σ : ∆k → M is a C∞ singular simplex. This embeds A•(M) as a
subcomplex of S•(M,C). For any subgroup Λ of C, we then get a morphism of
complexes.
ιΛ : A
•(M)→ S•(M,C/Λ),(3.1.3)
which is an injection whenever Λ is totally disconnected.
3.2. Differential characters. Following [9], one makes the following:
Definition 3.2.1. The group of mod Λ differential characters of degree k on
M is the group
Ĥk(M,Λ) = {f, α) ∈ HomZ(Zk−1(M),C/Λ)⊕A
k(M) : δf = ιΛα, and dα = 0}.
One sees that Ĥ•(M,Λ) is a contravariant functor ofM ; when Λ is a ring there
is a functorial product [9, (1.11)] that imparts a ring structure to the differential
characters.
Remark 3.2.2. (i) Though [9] would have us writing Ĥk(M,C/Λ) in 3.2.1, we
have introduced the above change of notation for the sake of consistency with that
to be used in §5. We have also taken the liberty of shifting by one the degree of
a differential character from that of [9], so that it becomes compatible with other
Chern classes. This also makes the ring structure a graded one.
(ii) If Λ is totally disconnected, then α above is uniquely determined, 3.1.3,
and the second condition of 3.2.1 is a consequence of the first.
It is useful to understand 3.2.1 in terms of conventional homological algebra.
We have:
3.2.3. (i) If f ∈ Sk−1(M,C/Λ) is any Z-linear extension of f to Sk−1(M), then
δf = ιΛα; in particular, if ι(Λ)α = 0, then f is a cocycle.
(ii) If f1 and f2 are two extensions as in (i), then f2 − f1 is a (C/Λ)-cocycle
vanishing on Zk−1(M) which, by a simple argument using the fact that Ck−1(M) =
Zk−1(M) ⊕ F , where F is free, implies that the class of f2 − f1 vanishes in
Hk−1(M,C/Λ). We can therefore view Ĥk(M,Λ) as a subgroup of
Sk−1(M,C/Λ)/δSk−2(M,C/Λ)
when Λ is totally disconnected.
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(iii) The form α, representing zero in Hk(M,C/Λ), has its periods (on Zk(M))
in Λ.
From this, one obtains:
Proposition 3.2.4. (i) There is a canonical and functorial exact sequence
0→ Hk−1(M,C/Λ)→ Ĥk(M,Λ)→ Akcl(M,Λ)→ 0,
where
Akcl(M,Λ) = {ϕ ∈ A
k(M) : dϕ = 0, and all periods of ϕ on Zk(M) lie in Λ}.
(ii) (cf. [17, §4])
Ĥk(M,Λ) ∼= Hk(cone{A≥k(M)
ιΛ→S•(M,C/Λ)}[−1])
= Hk−1(M, cone{A≥kM → S
•
M (C/Λ)});
here, A•M and S
•
M (C/Λ) denote the sheaves of C
∞ forms and singular (C/Λ)-
cochains respectively.
Corollary 3.2.5. If Hk−1(M,C/Λ) = 0, then
Ĥk(M,Λ) ∼= Akcl(M,Λ).
3.3. Cheeger-Simons classes. Let (E,∇) be a C∞ complex vector bundle
with connection on M . As in Section 1.1, the image of the Chern class
cp(E) ∈ H
2p(M,Z(p))
in H2p(M,C) is represented in de Rham cohomology by the polynomial Cp(Θ) in
the curvature Θ of ∇:
Cp(Θ) ∈ A
2p
cl (M,Z(p)).(3.3.1)
As such, 3.3.1 is functorial for pull-backs of bundles with connection. The Cheeger-
Simons invariant of (E,∇) is a functorial lifting of cp(E,∇) to
ĉp(E,∇) ∈ Ĥ
2p(M,Z(p))
in 3.2.4(i). In terms of 3.2.4(ii), it become a pth Chern class with values in the
group of differential characters with Z(p) coefficients.
Remark 3.3.2. If cp(E,∇) = 0 (e.g., if E is a flat bundle), then ĉp(E,∇) is an
element of H2p−1(M,C/Z(p)).
3.4. Existence and uniqueness of ĉp. The existence and uniqueness of the
Cheeger-Simon invariants can be deduced from the existence of universal connec-
tions (§2). By functoriality, the invariant is completely determined by its value
on the universal connection (U˜ , ∇˜) of 2.2.10. On the other hand, because the
odd-dimensional cohomology of a Grassmannian is trivial, there is a unique lift-
ing ĉp(U˜ , ∇˜) of its Chern form to a differential character (see 3.2.4(i)). Thus, at
most one Cheeger-Simons invariant can be defined: if g˜ : M → G˜C(n) is a smooth
mapping that classifies (E,∇), one must take
ĉp(E,∇) = g˜
∗ĉ(U˜ , ∇˜).(3.4.1)
One sees that 3.4.1 actually gives a definition of ĉp by checking that it is, in fact,
independent of the choice of g. For this, let g0 and g1 be two classifying mappings,
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and apply 2.2.11 to produce a “nice” homotopy h˜ between g˜0 and g˜1. Then the
homotopy formula (see A.0.24 in Appendix A) yields
(3.4.2) g˜∗1 ĉp(U˜ , ∇˜)− g˜
∗
0 c˜p(U˜ , ∇˜)− δ(Bh˜
∗ĉp(U˜ , ∇˜))
= B(h˜∗δĉp(U˜ , ∇˜)) = B(h˜
∗cp(U˜ , ∇˜)) = 0,
for h˜∗cp(U˜ , ∇˜) ∈ A2p(I ×M) is pulled back from M , so is annihilated by the fiber
integration B.
3.5. An intrinsic construction of ĉp. There is a more intrinsic definition of
ĉp(E,∇), one that uses only functorial constructions on bundles and connections
[9, §4]. (See also [11, §3].) A truly intrinsic construction is given in 6.1.5; that
construction uses simplicial methods.
Given integers n ≥ p ≥ 1, let V pn denote the Stiefel manifold of linearly inde-
pendent (n−p+1)-tuples in Cn. Then V pn has the homotopy type of its submanifold
U(n)/U(p− 1) of unitary (n− p+ 1)-frames. From this, one sees:
Proposition 3.5.1. (see [35, (25.7)])
(i) πi(V
p
n ) =
{
0 for i < 2p− 1,
Z for i = 2p− 1.
(ii) H2p−1(V
p
n ,Z)
∼= Z, and is generated by the homology class of U(p)/U(p− 1) ∼=
S2p−1.
From a complex vector bundle E rank n on M , one can form the associated
Stiefel bundle
π : V p(E)→M,
with fiber V pn . (For instance, V
1(E) is just the frame bundle of E.) By construction,
π∗E has n−p+1 tautological sections, i.e., contains a (canonically) trivial bundle of
rank n−p+1. Therefore, the Chern classes of π∗E are those of any complementary
(p− 1)-plane bundle W . In particular,
π∗cp(E) = cp(π
∗E) = 0 in H2p(V p(E),Z(p))(3.5.2)
Given any connection ∇ on E, the Chern form π∗cp(E,∇) is thus exact. The first
goal is to achieve the exactness in a functorial fashion.
3.5.3. For anyW as above, let ∇W denote the unique connection on π∗E which
satisfies both:
(i) ∇W and π∗∇ agree on W ,
(ii) the tautological sections are flat with respect to ∇W .
There is a functorial formula expressing the fact that the Chern forms of two
connections represent the same cohomology class (see [10, p. 48]):
cp(E,∇1)− cp(E,∇0) = dηp,(3.5.4)
where
ηp = p
∫ 1
0
µ(ω,Θt, . . . ,Θt)dt;(3.5.5)
here, µ is the p-linear symmetric form with
µ(Θ, . . . ,Θ) = Cp(Θ),(3.5.6)
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ω = ∇1 −∇0, and Θt is the curvature of
∇t = ∇0 + tω, t ∈ [0, 1].
Observation 3.5.7. Let σ0, σ1 : M → M˜ be the sections corresponding to
∇0,∇1 (recall 2.2.2); let h : I ×M → M˜ classify the connection
∇ : dt + (1− t)∇0 + t∇1.
Then formula 3.5.4 is just what comes out of the homotopy formula A.0.19 when it
is applied to the Chern form of the tautological connection ∇˜ on M˜ , or equivalently,
when A.0.18 is applied to the Chern form of ∇. To see this, one need only observe
that the curvature Θ of ∇ is given by
Θ = Θt + dt ∧ ω.
For ∇0 = ∇W and ∇1 = π∗∇, 3.5.5 gives
π∗cp(E,∇) − cp(π
∗E,∇W ) = dηW .(3.5.8)
Since
cp(π
∗E,∇W ) = 0 in A2p(V p(E)),
we can rewrite 3.5.8 as:
π∗cp(E,∇) = dη
W .(3.5.9)
It remains to study the effect of changing W .
Proposition 3.5.10. There is a unique natural choice of
η(E,∇) ∈ A2p−1(V p(E))/dA2p−2(V p(E))
such that dη(E,∇) = π∗cp(E,∇).
Proof. Let F ∼= V pn denote a fiber of π. From 3.5.1 and the Leray spectral
sequence for π, one deduces the exactness of:
0→ H2p−1(M,Z)
π∗
→H2p−1(V p(E),Z)→ H2p−1(F,Z)
δ
→H2p(M,Z).
The image of one of the generators of H2p−1(F,Z) ∼= Z under δ is, in fact, cp(E),
which can be seen easily by considering the Serre spectral sequence of the fibration.
In particular, for the universal bundle U on GC(n)
H2p−1(V p(U),Z) ∼= H2p−1(GC(n),Z) = 0.(3.5.11)
Given ϕ, the condition dη = ϕ determines η up to a closed form. From 3.5.11,
a closed (2p − 1)-form on V p(U) is exact. It follows that η(U˜ , ∇˜) is uniquely
determined. Therefore, there is at most one natural construction of η(E,∇): it
must be g˜∗η(U˜ , ∇˜) whenever g : M → GC(n) classifies E. The proof that this is
well-defined goes as in 3.4.2.
As the preceding is contrary to the spirit with which we began subsection 3.5, we
will show directly, after all, that ηW (from 3.5.4) modulo exact forms, independent
of W . Let W0 and W1 be two such. Consider the following connection on the
pullback of E to I × I ×M :
ds + dt + (1 − t)[(1− s)∇
W0 + s∇W1 ] + t(π∗∇);(3.5.12)
it corresponds to a mapping
I × I ×M → M˜.
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Let
B : A2p(I × I ×M)→ A2p−2(M)(3.5.13)
denote the fiber integration, which is just the iteration of A.0.12 in Appendix A;
as such, we write B = B2 ◦B1. From A.0.18, it follows that
d(Bϕ) = (B2ϕ1,t −B2ϕ0,t)− (B1ϕ1,s −B1ϕ0,s)(3.5.14)
where ϕ0,t is the restriction of ϕ to {0} × I ×M , ϕ1,s to I × {1} ×M , etc. Let ϕ
be the pth Chern form of 3.5.12. Then, by 3.5.7
B1ϕ1,s = 0, B2ϕ1,t = η
W1 , B2ϕ0,t = η
W0
This gives
d(Bϕ) = ηW1 − ηW0 +B1ϕ0,s.
The desired conclusion follows from the realization that B1ϕ0,s is the zero form.
The reason for this is that when t = 0, 3.5.12 gives the linear interpolation between
∇W0 and ∇W1 , so ∇W1 − ∇W0 is an endomorphism of π∗E that is zero on the
tautological sub-bundle (so is of rank at most p − 1). The same holds for the
curvature Θs. Since µ in 3.5.6 is induced by polarization from trace ∧p, it follows
that B1ϕ0,s = 0.
We can now complete the direct construction of ĉp(E,∇).
Proposition 3.5.15. There is a unique element η̂ ∈ Ĥ2p(M,Z(p)) with π∗η̂ =
[ηW , π∗cp(E,∇)] (and δη̂ = ιZ(p)cp(E,∇)).
Proof. The uniqueness of η̂ is easy, for it follows from the diagram
0 → H2p−1(F,C/Z(p)) → Ĥ2p(F,Z(p))
↑ ↑
0 → H2p−1(V p(E),C/Z(p)) → Ĥ2p(V p(E),Z(p)) → A2p
cl
(V p(E),Z(p)) → 0
↑ ↑π∗ ↑
0 → H2p−1(M,C/Z(p)) → Ĥ2p(M,Z(p)) → A2p
cl
(M,Z(p)) → 0
↑ ↑
0 0
that π∗ is injective on differential characters. Likewise, we argue that [ηW ] is in
the image of π∗ by showing that the restriction of ηW to the fiber F is the zero
differential character, or equivalently,∫
S2p−1
ηW ∈ Z(p).
(Recall that dηW = π∗cp(∇, E) vanishes on F .) A little bizarrely, we pass over
what might have been a direct calculation on the space V pn , the partial frames in
the trivial n-bundle over a point, and check it in the universal situation. There,
S2p−1 bounds in V p(U), so we write S2p−1 = ∂Γ. Then Z = π∗Γ is a cycle on the
Grassmannian, with∫
S2p−1
ηW =
∫
Γ
π∗cp(∇
U ) =
∫
Z
cp(∇
U ) ∈ Z(p)
This completes the proof of 3.5.15.
With the preceding accomplished, we now make the:
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Definition 3.5.16. The differential character η̂ above is the Cheeger-Simons
Chern class of (E,∇). We write η̂ = ĉp(E,∇).
Remark 3.5.17. By 3.2.3(ii), the Cheeger-Simons class ĉp is the choice of an
element
y ∈ S2p−1(M,C/Z(p))/δS2p−2(M,C/Z(p))
with δy = ιZ(p)cp(E,∇). In terms of the cone on ιZ(p) (recall 3.2.4(ii)), it is repre-
sented by
(cp(E,∇),−y) ∈ A
2p(M)⊕ S2p−1(M,C/Z(p))/δS2p−2(M,C/Z(p)),
which is a cocycle by virtue of the calculation
D(cp(E,∇),−y) = (−dcp(E,∇),−δy + ιZ(p)cp(E,∇)) = (0, 0).
4. Deligne-Beilinson Cohomology
In this section we recall the definition of Deligne-Beilinson cohomology, and
establish the precise relation with differential characters. References on Deligne-
Beilinson cohomology include [2] and [18].
4.1. Deligne-Beilinson (DB-) cohomology. Suppose that Y is a smooth
algebraic variety. By resolution of singularities [24], we can find a smooth comple-
tion Y of Y such that Y − Y is a normal crossings divisor D. Denote by Ip the
composite
F pA•(Y logD)→ A•Y
I
→S•(Y ),
where F denotes the Hodge filtration of the de Rham complex.
Definition 4.1.1. Suppose that Λ is a subring of R and that p ∈ N. The
Deligne-Beilinson (or DB-) cohomology H•D(Y,Λ(p)) of the variety Y is the coho-
mology of the complex
D•(Y, Y ; Λ(p)) = cone{F pA•(Y logD)
Ip
→S•(Y,C/Λ(p))}[−1].
As the notation suggests, the DB-cohomology of a variety Y is independent
of the compactification Y chosen. This follows from standard arguments (cf. [13,
(8.3.2)]). As DB-cohomology is constructed from a cone, we have:
Proposition 4.1.2. For each smooth algebraic variety Y , there is natural long
exact sequence
(4.1.3) . . .→ Hk−1(Y,C/Λ(p))→ HkD(Y,Λ(p))
→ F pHk(Y,C)→ Hk(Y,C/Λ(p))→ . . . .
Corollary 4.1.4. For each variety
(i) For each variety Y , there is a natural homomorphism
Hk−1(Y,C/Λ(p))→ HkD(Y,Λ(p)).
(ii) If H2p−1(Y,C/Λ(p)) = 0, there is a natural isomorphism
H2pD (Y,Λ(p))
∼= Hp,p(Y ) ∩ image{H2p(Y,Λ(p))→ H2p(Y,C)}.
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There are products defined in Deligne cohomology:
HkD(Y,Λ(p))×H
l
D(Y,Λ(q))→ H
k+l
D (Y,Λ(p+ q))(4.1.5)
(see [2, 1.5.1]). In particular,
⊕
pH
2p
D (Y,Λ(p)) is a ring.
Beilinson [2] and Gillet [20] have defined Chern classes
cBp (E) ∈ H
2p
D (Y,Z(p))
for vector bundles E → Y over a variety. The construction in [2, 1.7], is in the
manner of [22]: since the splitting principle holds for DB-cohomology, the existence
of Chern classes in Deligne cohomology reduces to the existence of first Chern classes
c1(L) ∈ H
2
D(Y,Z(1))
for line bundles L→ Y .
4.2. Differential characters and DB-cohomology. Recall from 3.2 that
the mod Λ differential characters of degree k on a C∞ manifold M , Ĥk(M,Λ), are
represented by the cocycles of degree k − 1 in cone{A≥k(M)
ιΛ→S•(M,C/Λ)}.
When X is a complex manifold, of the form X = X −D, with D a divisor with
normal crossings X , we can incorporate the Hodge filtration and growth conditions
on A•(X) to define subgroups of Ĥk(X,Λ). Specifically, take
F pĤk(X logD,Λ) = Hk−1(cone{F pA≥k(X logD)
ιΛ→S•(X,C/Λ)})(4.2.1)
and
Ĥk(X logD,Λ) = F 0Ĥk(X logD,Λ).
It is a subgroup of Ĥk(X,Λ). When X is compact, there is an exact sequence:
0 −→ Hk(X,C/Λ) −→ Ĥk(X logD,Λ) −→ F pAkcl(X logD,Λ) −→ 0(4.2.2)
where Akcl(X logD,Λ) is the set of closed elements of A
•(X logD) whose periods
lie in Λ.
The reason for introducing (4.2.1) comes from its similarity to (4.1.2). The
cone in (4.2.1) is a subset of the cone in (4.1.1); for k = 2p, one obtains, for X
algebraic and for any Λ, a functorial exact sequence:
F pA2p−1(X logD)→ F pĤ2p(X logD,Λ)→ H2pD (X,Λ)→ 0.(4.2.3)
4.3. Meromorphic equivalence. Though it may seem premature, it is help-
ful to leave the setting of algebraic varieties and algebraic vector bundle for awhile.
Let X be a compactifiable complex manifold, in the sense that X admits a
compactification X that is a compact manifold, and for which D = X − X is an
analytic subvariety. We may then modify X by blow-ups with smooth center [25]
to make D a divisor with normal crossings.
It becomes necessary to divide the compactifications of X into meromorphic
equivalence classes.
Definition 4.3.1. Two compactificationsX1 andX2 ofX are said to bemero-
morphically equivalent if there exists a compactification X3 of X and morphisms
of compactifications, i.e., extensions of the identity map of X , X3 → X1 and
X3 → X2.
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The above is easily seen to be an equivalence relation.
We point out that (the underlying complex manifold of) a smooth algebraic
variety can admit compactifications that are not meromorphically equivalent to the
algebraic ones. A simple example of this is provided by [6]:
Example 4.3.2. Let C be an elliptic curve. Then X = Cp+q ×C admits non-
algebraic compactifications Xp,q (p > 0, 0 ≤ q ≤ p) with the following properties:
(i) There is a principal C-fibration π : Xp,q → P
p(C)× Pq(C).
(ii) Every meromorphic function on Xp,q is a pullback from P
p(C)× Pq(C); the
algebraic dimension of Xp,q is less than its complex dimension, so it is not
algebraic.
(iii) Xp,q is diffeomorphic to the product of spheres S
2p+1 × S2q+1. It follows
that H2(Xp,q,C) = 0, and thus Xp,q is not Ka¨hler.
Furthermore, it is possible for a complex manifold to admit more than one
algebraic structure; it can have inequivalent algebraic compactifications:
Example 4.3.3. Let C again be an elliptic curve. The universal vector exten-
sion of C, as a complex manifold, can be given Hodge-theoretically as follows. Put
HZ = H
1(C,Z), H = H1(C,C), and F = F 1H1(C,C). There is a short exact
sequence of abelian groups:
0→ F → H/HZ → H/(HZ + F )→ 0,
which is isomorphic to
0→ C→ (C∗)2 → C → 0.
The associated P1-bundle:
P1 −−−−→ Xy
C
then gives an algebraic variety X that is a compactification of X = (C∗)2. However,
X and P1 × P1 are not meromorphically (birationally) equivalent, for they have
non-isomorphic function fields; only the latter one is an algebraic completion of the
algebraic variety X .
We also recall the notion of a meromorphic mapping, from complex geometry.
Let X and Y be complex analytic varieties, and X, Y , respective partial compact-
ifications.
Definition 4.3.4. A map f : X → Y is said to be meromorphic with respect
to X and Y (and one writes f : X 99K Y ) if the closure of the graph of f in X × Y
is a subvariety of X × Y .
Because of the existence of resolutions of singularities for complex analytic varieties
([25] again), two compactifications of X are meromorphically equivalent if and only
if the identity map of X defines a meromorphic map between them.
There is an obvious notion of the extendability of a holomorphic vector bundle
E on X to X . We next recall the notion of meromorphic equivalence of bundle
extensions; it is presented in a somewhat different, though equivalent, manner in
[12, p. 65ff]).
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Definition 4.3.5. Let X be a complex manifold, D a divisor on X , and put
X = X −D. Let E be a vector bundle on X . Two extensions E and E
′
of E to
a vector bundle on X are said to be meromorphically equivalent if, whenever U is
a nice open neighborhood of a point of D in X , on which both bundles are trivial,
the change-of-frame matrix from one to the other (a priori holomorphic on U ∩X)
is meromorphic (i.e., does not have essential singularities) along U ∩D.
Remark 4.3.6. IfM is a meromorphic equivalence class of compactifications of
X , there are corresponding notions of theM-extendability ofE andM-meromorphic
equivalence classes of extensions of E.
One can always regard a vector bundle as a complex manifold, forgetting the
linear structure. The following is almost a tautology:
Lemma 4.3.7. With notation as above,
(i) Two bundle extensions E and E
′
are meromorphically equivalent if and only
if E and E
′
are equivalent partial compactifications of E.
(ii) If E and E
′
are meromorphically equivalent, then the meromorphic map
E 99K E
′
induces a meromorphic map P(E) 99K P(E
′
).
Remark 4.3.8. When X is an algebraic manifold, there is a canonical equiv-
alence class of compactifications of X , namely the smooth algebraic completions.
Algebraic vector bundles admit algebraic extensions to suitable completions, and
this class of extensions is likewise canonical. We understand algebraic extensions
of algebraic vector bundles on an algebraic variety if it is not specified otherwise.
4.4. F 1-connections. Throughout, we let X ⊆ X be as in 4.2, and E a vector
bundle on X .
Definition 4.4.1. An F 1-connection on E (relative to X) is a connection for
which there exists a vector bundle E over X such that
(i) the restriction of E to X is E;
(ii) the local connection forms (with respect to holomorphic frames of E), and
therefore also the curvature, lie in F 1A•(X logD,End(E)).
We define a sort of “universal F 1-connection” in Appendix B. Note that 4.4.1
coincides with B.0.26 if and only if X = X.
Remark 4.4.2. This notion occurs in a well-known fact about Hermitian geom-
etry (see [21, p.73]): If E is an Hermitian vector bundle over the compact complex
manifold X , there exists a unique F 1-connection on E with respect to which the
Hermitian metric on E is horizontal. In particular, an extendable vector bundle
always admits an F 1-connection (without singularities).
The following is evident:
Proposition 4.4.3. If ∇ is an F 1-connection on E (relative to X), then the
Cheeger-Simons class ĉp(E,∇) is in the subgroup F pĤ2p(X logD,Λ) of Ĥ2p(X,Λ).
To be able to talk sensibly about F 1-connections, one needs to know the fol-
lowing:
18 JOHAN DUPONT, RICHARD HAIN, AND STEVEN ZUCKER
Proposition 4.4.4. Let X be a compact complex manifold, D a divisor with
normal crossings on X, and put X = X −D. Let (E,∇) be a vector bundle with
connection on X. Suppose that E and E
′
are vector bundles on X with respect to
which ∇ is an F 1-connection. Then E and E
′
are meromorphically equivalent.
Proof. The issue is fairly elementary. Let U be open in X . If ω is the
connection form with respect to a frame of E on U ⊂ X, and ω′ is the connection
form with respect to a frame of E
′
on U , suppose that ω and ω′ have first order-
poles3 on U ∩D. Let A be the matrix expressing the frame for E
′
in terms of the
one for E (thus ω′ = AωA−1 + (dA)A−1). We wish to conclude that the entries of
A must be meromorphic along U ∩D.
Like holomorphy, meromorphy can be detected by a curve test, i.e., a function
of several variables is meromorphic if and only if its restriction to sufficiently many
curves is—e.g., if it is meromorphic in each variable separately—(see [32]; cf. [12,
II, 4.1.1]). Since connections are functorial, we may assume that U is the unit disc
in C, and D = {0}. In this case, the assertion is proved in [12, II, 1.19].
Remark 4.4.5. Note that Prop. 4.4.4 does not say that there exists E for
which the connection form is logarithmic; nor does it say that if such E exists, the
connection form has logarithmic poles for all E
′
meromorphically equivalent to E
(counterexamples abound). Also, there is no contradiction between Remark 4.4.2
and Prop. 4.4.4.
According to [12, II, (5.2)], given any compactification X of X , a flat bundle
E on X admits a vector bundle extension E to X with respect to which the flat
connection can be seen to be an F 1-connection. In fact, according to 4.4.4 any two
such E are meromorphically equivalent. We point out that E can be determined
from constructions that are local on X along D. Local connection forms are then to
be computed on X in terms of local frames of E. In particular, there is no analogue
of 4.4.4 for equivalence classes of compactifications.
On the other hand, if one starts with an F 1-connection on an algebraic vector
bundle on X , relative to an algebraic compactification X, it does not follow that
the meromorphic equivalence class of extensions of E distinguished by 4.4.4 are
the algebraic vector bundles on X. However, the two are known to coincide in
an important class of examples, namely the flat bundles “coming from algebraic
geometry.” By that, one means that the fibers of E are cohomology groups for a
family of algebraic varieties over X , and ∇ is the Gauss-Manin connection. This
result is commonly called the regularity theorem in algebraic geometry. (See [26]
and its generalizations, e.g., [34, §5].)
The following should shed some light on the issue.
Example 4.4.6. Let j : X →֒ X denote the inclusion. Given the holomorphic
vector bundle E, the specification of E is equivalent to selecting a locally-free
subsheaf (OX(E)) of j∗OX(E) on X.
Suppose that dim X = 1 (so X is automatically algebraic). Let ∆ ∼= U ⊂ X
be a disc, with coordinate t, for which the restriction j|U is ∆∗ →֒ ∆. Also, take E
to be a line bundle. Restricting to U , we consider the two inequivalent extensions
3Since we will be reducing to curves in U , there is actually no need to assume that the poles
are logarithmic, for the two notions coincide on a curve.
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of E, E = O∆ and E
′
= O∆ · et
−1
. Let ∇ be ddt (connection matrix ω = 0) and
∇′ = ∇ + ω′, where ω′ = −t−2dt. Clearly, ∇ is F 1 with respect to E (indeed
with respect to tkE for any k ∈ Z); whereas ∇′, not F 1 with respect to E, is F 1
with respect to E
′
. (We leave it to the reader to squelch the possible misconception
that the preceding contradicts GAGA.) Note that the preceding discussion is global
when X = C∗.
Fixing a meromorphic equivalence class M of compactifications of X , we use
(4.2.1) to define
F pĤ2p(X,Λ)M,log = lim−→F
pĤ2p(X logD,Λ),(4.4.7)
where the limit is taken over X ∈ M; and F pA2p−1(X, Λ)M,log is defined analo-
gously.
The following variant of 4.4.1 is inevitable.
Definition 4.4.8. An F 1-connection on E (relative to M) is a connection that
is F 1 relative to some member of M.
Then 4.4.3 yields immediately:
Proposition 4.4.9. If ∇ is an F 1-connection on E relative to M, then the
Cheeger-Simons class ĉp(E,∇) lies in the subgroup F pĤ2p(X,Λ)M,log of Ĥ2p(X,Λ).
When X is an algebraic manifold and M is the [class generated by] algebraic
completions, we drop the subscript “M” in (4.4.7)–(4.4.9); cf. 4.3.8.
4.5. Proof of Theorem 2 (quasi-projective case). We return to algebraic
manifolds. First let X be a smooth projective variety (a fortiori compact), and E
an algebraic vector bundle on X . There exists an ample line bundle L on X such
that both L and E′ = E ⊗ L are generated by global sections, so that both vector
bundles are pullbacks of universal bundles on Grassmannians under holomorphic
maps. We get a pullback diagram:
E → p∗1Un ⊗ p
∗
2U
−1
1
↓ ↓
X
g
→ GC(n)×GC(1)
in which n denotes the rank of E, p1 ◦ g classifies E′, and p2 ◦ g classifies L.
Also, choose any F 1-connection ∇L on L. The latter, together with any given
F 1-connection ∇E on E, induces the tensor product F 1-connection:4
∇E
′
(e⊗ ℓ) = ∇Ee⊗ ℓ+ e⊗∇Lℓ.
Likewise, the tensor product of ∇E
′
and the dual of ∇L is just ∇E again (under
the isomorphism E ∼= E′ ⊗ L−1).
As the image in Deligne cohomology is independent of the F 1-connection (see
6.1.4), we may assume that the connections are pullbacks of F 1-connections on
GC(n) and GC(1), which exist by 4.4.2. Since GC(n)×GC(1) satisfies the hypothesis
of 3.2.5 and 4.1.4, (ii), the assertion of Theorem 2 holds for p∗1Un ⊗ p
∗
2U
−1
1 , so by
functoriality for E. This completes the proof when X is compact.
4 in terms of B.0.28, the tensor product construction corresponds to Hom(T 1,0Y,g) ×
Hom(T 1,0Y,C)→ Hom(T 1,0Y, g).
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We also use functoriality to get the assertion for non-compact X . Specifically,
let X be an algebraic completion of the sort considered in 4.2 for which E extends
to an algebraic vector bundle E on X. Then there is a commutative diagram:
F pĤ2p(X,Z(p)) −−−−→ H2pD (X,Z(p))y y
F pĤ2p(X logD,Z(p)) −−−−→ H2pD (X,Z(p))
(4.5.1)
Let ∇′ be any F 1-connection on E. By functoriality, ĉp(E,∇′) restricts to ĉp(E,∇′)
and cBp (E) maps to c
B
p (E). By 6.1.4 again, ĉp(E,∇
′) has the same image in
H2pD (X,Z(p)) as ĉp(E,∇), and we are done.
4.6. General algebraic manifolds. We wish to generalize Theorem 2 to the
context of general algebraic manifolds, i.e., to ones that are not quasi-projective,
so need not even be Ka¨hler. This is done by reducing to the quasi-projective case
as we next describe.
Proposition 4.6.1. Suppose that f : Y → X is a morphism of algebraic vari-
eties satisfying:
(i) f∗ : H2p−1(X,Z)/tors → H2p−1(Y,Z)/tors is injective with image a direct
summand in the sense of mixed Hodge structures over Z;
(ii) f∗ : H2p(X,Z)tors → H2p(Y,Z))tors is injective.
Then f∗ : H2pD (X,Z(p))→ H
2p
D (Y,Z(p)) is injective.
Proof. The exact sequence 4.1.3 gives a commutative diagram with exact
rows:
0 −−−−→ J ′p(X) −−−−→ H2pD (X,Z(p)) −−−−→ F
pH2p(X,C)y y y
0 −−−−→ J ′p(Y ) −−−−→ H2pD (Y,Z(p)) −−−−→ F
pH2p(Y,C)
(4.6.2)
The following is standard:
Lemma 4.6.3. Given the commutative diagram with exact rows:
0 −−−−→ A −−−−→ B −−−−→ C
α
y βy γy
0 −−−−→ A′ −−−−→ B′ −−−−→ C′
a sufficient condition for the injectivity of β is that α and γ be injective.
We apply the lemma twice. The hypotheses imply that the rightmost vertical
arrow in 4.6.2 is an injection. Thus, to reach the conclusion, it suffices by 4.6.3 to
show that leftmost arrow is injective. Recall that J ′p in the above is an extension
by the intermediate Jacobian Jp, having the functorial exact sequence
0→ Jp(X)→ J ′p(X)→ H2p(X ;Z(p))tors → 0.
The hypothesis implies the injectivity of Jp(X)→ Jp(Y ) and ofH2p(X ;Z(p))tors →
H2p(Y ;Z(p))tors. By 4.6.3, we are done.
Corollary 4.6.4. Under the hypotheses of Proposition 4.6.1, if the conclusion
of Theorem 2 holds for Y , then it also holds for X.
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Proof. Consider the diagram that one gets by functoriality:
F pĤ2p(X) −−−−→ H2pD (X,Z(p))y y
F pĤ2p(Y ) −−−−→ H2pD (Y,Z(p))
(4.6.5)
Then ĉp(f
∗E,∇) ∈ F pĤ2p(X) maps to cBp (f
∗E) = f∗(cBp (E)). Since the right
vertical map is injective by 4.6.4, ĉp(E,∇) can only map to cBp (E) in H
2p
D (X,Z(p)).
We next show that such Y exist:
Proposition 4.6.6. (i) Given a smooth algebraic variety X, there is a
smooth quasi-projective variety Y with surjective birational map Y → X.
(ii) Under the conditions of (i), there is a direct sum decomposition in the derived
category of X:
Rf∗ZY ∼= ZX ⊕ kerTr(f).
(iii) In particular, H•(Y,Z) ∼= H•(X,Z) ⊕ ker f∗, and the corresponding mixed
Hodge structures are isomorphic over Z.
Proof. The argument for (i) was used already in [13, II:(3.2)] for extending
Hodge theory to general algebraic varieties, and we sketch it here. By a theorem
of Nagata and the Chow Lemma, X fits into a cartesian diagram
Y →֒Y
f
y yf
X →֒X
(4.6.7)
with X a completion of X , Y projective, and f birational. (By resolution of singu-
larities [24], we may assume that X and Y are smooth, and X −X and Y − Y are
divisors with normal crossings.)
Statement (ii) is a topological assertion that follows from the identity Tr(f) ◦
f∗ = 1X . Then (iii) follows immediately.
Combining Propositions 4.6.1 and 4.6.6, and keeping in mind our convention
4.3.8, we obtain:
Theorem 4.6.8. If X is a non-singular complex algebraic variety, E an al-
gebraic vector bundle on X that extends to an algebraic vector bundle on some
completion of X, and ∇ an F 1-connection on E (relative to said extension of E),
then cBp (E) is the image of ĉp(E,∇) for all p ≥ 1.
Corollary 4.6.9. The conclusion of Theorem 1 holds for all non-singular al-
gebraic varieties.
4.7. Chern classes in M-DB-cohomology. We wish to define the analogue
of cBp (E) in the complex analytic setting. Fix the meromorphic equivalence class
M of compactifications X of X . We can use the formula in Def. 4.1.1 to define
H•D(X,X; Λ(p)). When X is Ka¨hler, this is seen to be independent of X ∈M, for
the same reason it was true in 4.1 (see 4.7.9), so we rename it:
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Definition 4.7.1. The M-DB-cohomology H•D(X,Λ(p))M of X with coeffi-
cients in Λ(p) is the common value of H•D(X,X; Λ(p)) for X ∈M.
Then (4.2.3) gives rise to the exact sequence:
F pA2p−1(X, Λ)M,log → F
pĤ2p(X,Λ)M,log → H
2p
D (X,Λ)M → 0.(4.7.2)
Next, fix a meromorphic equivalence class E of extensions of E to the members
of M (note that E subsumes M). We call these the E-extensions of the vector
bundle E on X . We will construct Chern classes
cBp (E;E) ∈ H
•
D(X,Z(p))M(4.7.3)
in more or less the same way as in the algebraic setting. Choose X ∈M to which
E extends to E ∈ E, and let j : X →֒ X denote the inclusion.
As usual, we consider first the case where E is a line bundle. Then there is a
short exact sequence of complexes of sheaves on X:
(4.7.4) 0→ cone{ZX(1)→ OX}[−1]→ cone{Rj∗ZX(1)→ OX}[−1]
→ cone{ZX(1)→ Rj∗ZX(1)} → 0.
From this, we extract the following commutative diagram:
H2D(X, Z(1)) −−−−→ H
2
D(X, Z(1))M
≃
xd log xcB1 (E)
H1(X,O∗
X
) −−−−→ H1(X,O∗X)E →֒ H
1(X,O∗X),
where H1(X,O∗X)E denotes the E-extendable line bundles on X . Since any two
extensions in E differ by a divisor class supported on D, we see that the Chern
class cB1 (E;E) ∈ H
2
D(X, Z(1))M of an E-extendable line bundle E is well-defined.
To obtain the same for higher-rank E, one invokes the splitting principle. In
the formulation of [22, p. 140,A1], one must know 4.7.6 below. Because we will
invoke a little Hodge theory in the argument, we must impose a condition on X .
Definition 4.7.5. A complex manifold X is said to be quasi-c-Ka¨hler if it
admits a compactification X that is a compact Ka¨hler manifold, and for which
D = X −X is an analytic subvariety.
When X is quasi-c-Ka¨hler, one can then modify such X by a sequence of blow-
ups with smooth center, a process that preserves the Ka¨hler condition, to make D
a divisor with normal crossings [25].
Let ψ : P(E) → X be the projectivization of E, L the tautological line
sub-bundle O(1) of ψ∗(E), and M˜ the meromorphic equivalence class of {P(E) :
E an E-extension of E}.
Proposition 4.7.6. Let X be quasi-c-Ka¨hler, and M a meromorphic equiv-
alence class of Ka¨hler compactifications. Let ξ = c1(L; M˜). Then there is an
isomorphism of additive groups
H•D(P(E),Z(p))M˜
∼=
⊕
0≤j<r
H•D(X,Z(p))M · ξ
j ,
where r is the rank of E; in other words, there is an injective map
H•D(X,Z(p))M → H
•
D(P(E),Z(p))M˜,
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and the right-hand side of the above is freely generated, as a module over the left-
hand side, by {ξj : 0 ≤ j < r}.
Proof. We want to reduce the assertion to more elementary cohomology for
which one already knows the splitting principle. As in 4.1.2, there is a long exact
sequence:
(4.7.7) · · · → H2p−1(F pA•(X log D))→ H2p−1(X,C/Z(p))
→ H2pD (X,Z(p))M → H
2p(F pA•(X log D))→ . . .
Next, understanding ξ to denote generically the Chern class of L in any cohomology
group, multiply 4.7.7 by ξj (0 ≤ j < r) and take the direct sum over j yields
⊕H2p−1−2j(X,C/Z(p − j)) · ξj → ⊕H2p−2j
D
(X, Z(p− j))M · ξ
j
→ ⊕H2p−2j(Fp−jA•(X log D))ξj
↓ ↓ ↓
H2p−1(P(E),C/Z(p)) → H2p
D
(P(E),Z(p))
M˜
→ H2p(FpA•(P(E) log ψ∗D))
(4.7.8)
Now, we know the splitting principle for Z-coefficients, hence also for Z(p)-
and C-coefficients, and then also for (C/Z(p))-coefficients. In other words, the left
vertical arrow in the display 4.7.8 is an isomorphism. The easiest way to deal
with the one on the right is to use Hodge theory: there is, in general, a canonical
surjection
H2k(F kA•(X log D))→ F kH2k(X, C),(4.7.9)
and this is an isomorphism when X is Ka¨hler. Thus, the right vertical arrow
is the Hodge filtered version of the one for C-coefficients, so it is an likewise an
isomorphism. We conclude by the five-lemma that our assertion holds.
The above determines 4.7.3. We recall that cp(E;E) is, up to a sign, the
coefficient in H2pD (X,Z(p))M of ξ
r−p in the formula for ξr in terms of the additive
decomposition given in 4.7.6.
Because of (6.1.4), we obtain the generalization of Theorem 2 to the Ka¨hler
case:
Theorem 4.7.10. Let X be a quasi-c-Ka¨hler manifold, M an equivalence class
of Ka¨hler compactifications of X, E an M-extendable vector bundle on X, and ∇
an F 1-connection on E. Then cBp (E;E) is the image of ĉp(E,∇) for all p ≥ 1.
Here, E is the unique equivalence class of M-extensions of E implied by 4.4.4.
Corollary 4.7.11. The conclusion of Theorem 1 holds when X is a quasi-c-
Ka¨hler manifolds for the M-DB Chern classes of flat vector bundles that are regular
with respect to E.
5. Proof of Theorem 3
Throughout this section, the complexification g ⊗ C of a real Lie algebra g
will be denoted gC. In addition, we make use of simplicial methods; all relevant
definitions can be found in Appendix C.
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5.1. Continuous cohomology. The continuous cohomology H•cts(G, V ) of a
topological group G with coefficients in a real topological vector space V , on which
G acts, is defined to be the cohomology of the complex C•cts(G, V ), whose elements
in degree m are G-equivariant continuous maps f : Gm+1 → V (with the usual
coboundary map).
Now let G be the real points of a reductive algebraic group defined over R, and
K a maximal compact subgroup. We recall that the space G/K is contractible, and
thus G and K are of the same homotopy type. Let g = k⊕ p be the corresponding
Cartan decomposition of the Lie algebra ofG. By van Est’s Theorem [19], whenever
V is finite-dimensional with trivial G-action, there is a canonical isomorphism
H•cts(G, V )
∼= H•(g,K)⊗ V.(5.1.1)
Here, the right-hand side is the relative Lie algebra cohomology, and is canonically
isomorphic to (∧•p∗)K⊗V , the complex of G-invariant V -valued differentials forms
on G/K. The isomorphism can be realized as follows. Fix a point e of G/K,
and endow the latter with a G-invariant Riemannian metric. For (g0, . . . , gm) ∈
Gm+1, define ∆e(g0, . . . , gm) to be the “geodesic simplex” in G/K with vertices
g0e, . . . , gme; it is constructed inductively as the cone swept out by all geodesics
from g0e to ∆e(g1, . . . , gm). (Note that, in general, the order of the vertices makes
a difference, since the curvature may not be constant.) Define a homomorphism
∧•p∗ → C•cts(G,R)
by taking an m-form ω to the function
(g0, . . . , gm) 7→
∫
∆e(g0,... ,gm)
ω.(5.1.2)
This induces 5.1.1.
We now recall the standard trick for computing the continuous cohomology of a
reductive group. The compact real form of g⊗C is the Lie algebra u = k ⊕ ip ⊆ gC.
Let U be the corresponding subgroup of G(C). Since U is compact, there are
canonical isomorphisms
H•(U/K, V ) ∼= H•(u,K;V ) ∼= (∧•(ip)∗)
K ⊗ V.
Composing these isomorphisms with the isomorphism
∧•(ip)∗ → ∧•p∗
induced by multiplication by i, we obtain an isomorphism
H•(U/K,C)
∼
→H•cts(G,C),(5.1.3)
which carries Hm(U/K,R(p)) onto the subspace imHmcts(G,R(p)) of H
m
cts(G,C).
5.2. The Borel regulator elements. We now take G to be GLn(C), viewed
as a real group, and we take K to be U(n). In this case, one identifies the complexi-
fication of G as GLn(C)×GLn(C); the natural map G→ GC is the homomorphism
ι : GLn(C)→ GLn(C)×GLn(C),
with ι(g) = (g, g). The corresponding map on Lie algebras
gln(C)→ gln(C)⊕ gln(C)(5.2.1)
takes X to (X,X); indeed, it is not hard to see that the identification
gln(C)⊗R C ∼= gln(C)⊕ gln(C)(5.2.2)
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is given by: for X,Y ∈ gln(C),
X ⊗ 1 + Y ⊗ i 7→
(
X + iY,X + iY
)
.(5.2.3)
It follows that the Lie algebra un of U(n) appears in 5.2.1 as the “anti-diagonal”
{(X,−tX) | X ∈ un}.
It is clear that the compact real form U of GC is U(n) × U(n). The quotient
space U/K is therefore (U(n)× U(n)) /U(n), which we identify with U(n) via the
map induced by inclusion as the first factor of the product. Since GLn(C) and
U(n) are homotopy-equivalent, we obtain from 5.1.3 an isomorphism
H•(GLn(C),C) ∼= H
•
cts(GLn(C),C)
which takes Hm(GLn(C),R(p)) onto i
mHmcts(GLn(C),R(p)). This yields a canoni-
cal isomorphism
H2p−1(GLn(C),R(p))
∼
−→H2p−1cts (GLn(C),C/R(p)).(5.2.4)
The real cohomology of GLn(C) is an exterior algebra on generators x1, . . . , xn,
where xp is in degree 2p− 1. We can choose xp canonically by insisting that it be
the unique (necessarily primitive) class which transgresses, via
d2p : H
0(BGLn(C), H
2p−1(GLn(C)))→ H
2p(BGLn(C)),
to the universal Chern class cp ∈ H2p(BGLn(C)) in the Leray spectral sequence
associated to the universal GLn(C)-bundle; it lies in
W0H
2p−1(GLn(C),Z(p)),
as Z(p) is of weight −2p. Define bp ∈ H2p−1(BGLn(C)δ,C/R(p)) to be the image
of xp under the composite of 5.2.4 and the natural map
H•cts(GLn(C),C/R(p))→ H
•
cts(GLn(C)
δ,C/R(p)) ∼= H•(BGLn(C)
δ,C/R(p)).
This is called the p-th Borel regulator element.5
5.3. The Weil algebra. Let G be a real reductive group and K any compact
subgroup. Denote the corresponding Lie algebras by g and k. Consider the (real)
Weil algebra [7]
W (g) = ∧•g∗ ⊗ S•(g∗),(5.3.1)
a d.g.a. that is a g-module via the coadjoint action (here S denotes the symmet-
ric algebra over R). Denote the set of invariant polynomials S•(g∗)G, which is a
subalgebra of W (g), by I•(G).
Let ω ∈ A1(P, g) be a connection on a principal bundle P → M over a (sim-
plicial) manifold, which will be viewed as a map g∗ → A1(P ). Then ω extends
uniquely to a d.g.a. homomorphism
kP (ω) :W (g)→ A
•(P ),(5.3.2)
5 Some prefer to define the Borel regulator element to be the class in
H2p−1(GLn(C)δ ,C/R(p)) that corresponds to the element yp of
W0H
2p−1(GLn(C),Q(p)) ∼= W0H
2p−1(GLp(C),Q(p)) ∼= H
2p−1(Cp − {0},Q(p)) ∼= Q
that takes the value 1 on the generator of pi2p−1(GLn(C)). Since xp = ±(p− 1)!yp [30, (24.5.2)],
it follows that yp corresponds, up to a sign, to twice the degree p part of the Chern character
chp : K2p−1(F )→ H
1
D(SpecF,R(p)).
for F a number field or R or C.
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such that for Φ ∈ Sp(g∗),
kP (ω)(Φ) = Φ(Θ
p),
where Θ denotes the curvature of the connection.
The relative Weil algebra W (g,K) [8] is the subspace of “K-basic” elements[
∧• (g/k)∗ ⊗ S•(g∗)
]K
(5.3.3)
ofW (g). One recovers 5.3.1 when K is trivial;W (g,K) is a contravariant functor of
pairs (g,K), and it contains I•(G) for all K. A connection ω ∈ A1(P, g) on a prin-
cipal bundle P →M induces a d.g.a. homomorphism (Chern-Weil homomorphism)
kP (ω) :W (g,K)→ A
•(P/K)(5.3.4)
by restriction of 5.3.2. The natural map W (g,K)→ I•(K) (which factors through
I•(G)) is a quasi-isomorphism [8], hence
H•(W (g,K)) ∼= H•(K,R).
A consequence of this is that if Φ ∈ I•(G) has the property that its image in I•(K)
is zero, then there exists T ∈ W (g,K) such that dT = Φ. Note that when K is
maximal compact, K →֒ G is a homotopy equivalence, so P/K → P/G = M is a
homotopy equivalence, and 5.3.4 induces a map
H•(G,R)→ H•(M,R).
For a real vector space V , denote the Weil algebraW (g)⊗V with coefficients in
V by WV (g), and the corresponding Weil algebra in the relative case by WV (g,K).
In particular, we have the Weil algebras WC(g) (quasi-isomorphic to A
•(EG) ∼= C)
and WC(g,K), as well as WR(p)(g,K). When g and k are complex Lie algebras, one
can also define the complex Weil algebra W(g,K) by doing the linear algebra in
5.3.3 over C instead of R. We observe that when g is a real Lie algebra,WC(g,K) ∼=
W(gC,KC) as C-algebras.
5.4. The class τp and Cheeger-Simons classes. In this section, g is gln(C)
viewed as a real Lie algebra, and k = un. Let
Cp(X) = (−1)
p Tr(∧pX),
the invariant polynomial (of degree p) on gln(C) which determines the pth Chern
class. We can express it as
Cp(X) = Pp(X) +Qp(X),
where
Pp(X) =
1
2
[
Cp(X) + (−1)
pCp(X)
]
and Qp(X) =
1
2
[
Cp(X)− (−1)
pCp(X)
]
are elements of Sp(g∗). Note that Pp is R(p)-valued, and Qp is R(p − 1)-valued.
If X ∈ un, then X = −tX , so Qp(X) = 0. It follows from the discussion in the
previous section that there exists Tp ∈WR(p)(gln(C), U(n)) such that dTp = Qp.
The connection on the universal flat bundle P → BGLn(C)δ induces a Chern-
Weil homomorphism
k :WC(gln(C), U(n))→ A
• (P/U(n)) .
Denote k(Tp) ∈ A2p−1(P/U(n)) by τp; the curvature Θ of P is zero. We have
dτp = Qp(Θ) = 0,
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and thus τp defines a class in
H2p−1(P/U(n),C) ∼= H2p−1(GLn(C)
δ,C).
The first task is to show:
Proposition 5.4.1. The class of τp in H
2p−1(GLn(C)
δ,C/R(p)) is the nega-
tive of the universal real Cheeger-Simons class ĉp.
Proof. Let E → B be the model of the universal GLn(C)-bundle constructed
from P → BGLn(C)δ (over the standard model of BGLn(C)δ), as in 6.1.5. Recall
that E has a canonical connection, induced by that of P , and there is a tautolog-
ical map BGLn(C)
δ → B which classifies both the universal flat bundle and its
connection. Consider the Chern-Weil homomorphism
kE :WC(gln(C), U(n))→ A
• (E/U(n))
associated to E and its connection, writing τEp for kE(Tp). Since the polynomial
Pp is R(p)-valued,
Cp(ΘE) ≡ Qp(ΘE) mod R(p));
and since dTp = Qp, it follows that dτ
E
p = Qp(ΘE), so (Qp(ΘE),−τ
E
p ) represents
the “universal Cheeger-Simons class”
ĉp ∈ Ĥ
2p(E/U(n),R(p)),
i.e., that of the pullback of E → B to E/U(n) ≃ B. The naturality of Chern-Weil
construction implies that the diagram
WC(gln(C), U(n))
kE→ A• (E/U(n))
ց
k
↓
A• (P/U(n))
commutes. It follows that the Cheeger-Simons class of the pullback of P →
BGLn(C)
δ to P/U(n) is represented by (Qp(Θ),−τp) = (0,−τp), and this gives
the desired assertion.
5.5. τp and Tp. The next step is to obtain a formula for the cocycle given by
τp in terms of Tp. For this we will need an explicit section of the bundle P/U(n)→
BGLn(C)
δ. It is more convenient to write down a section of EGLn(C)/U(n) →
BGLn(C) and pull it back to the universal flat bundle. Actually, we will write
down a section of the bundle π : EG/K → BG, where K is a maximal compact
subgroup of an arbitrary real reductive group G, following [14].
The m-simplex Gm+1 of the usual model of EG (see 6.1.5, and take X• to be
a point) is identified with Gm+1 in the inhomogeneous, or reduced, model via the
map
(g0, g1, . . . , gm) 7→ (g0, g1g
−1
0 , . . . , gmg
−1
m−1).
This map is G-equivariant with respect to the diagonal right G-action on the left-
hand side, and the right action of G on the first factor of the right-hand side. It
follows that in the reduced model, the space of m-simplices of EG/K is G/K×Gm.
In particular, when G = K, we have that the space of m-simplices of the reduced
model of BG is Gm.
Suppose now that G is reductive and that K is a maximal compact subgroup.
For each m, define a map (which is a homotopy equivalence)
sm : G
m ×∆m → G/K ×Gm ×∆m(5.5.1)
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by
((g1,... ,gm),(t0,... ,tm)) 7→((∆˜e((g1,g2g1,... ,gmgm−1···g1),(t0,... ,tm)),(g1,... ,gm),(t0,... ,tm)),
where ∆˜e : G
m ×∆m → G/K parametrizes the geodesic simplices defined in 5.1.2.
Proposition 5.5.2. [14, p. 241] The maps 5.5.1 are compatible with the face
maps and therefore induce a section s : BG→ (EG)/K of π.
We now show that the cohomology class on GLn(C)
δ defined by the continuous
cohomology class corresponding to Tp ∈ ∧
2p−1p∗ equals the cohomology class de-
fined by s∗τp. With respect to the inhomogeneous model (see 5.5.1), the connection
form of the universal flat bundle is given locally by the Maurer-Cartan form in the
vertical direction, and is zero in the horizontal directions. Consequently, with re-
spect to the inhomogeneous model, the restiction of τp to GLn(C)/U(n)×Gm×∆m
satisfies
τp ∈ A
2p−1(GLn(C)/U(n)) ⊆ A
2p−1(GLn(C)/U(n)×G
m ×∆m),
and that it is the image of Tp under the natural inclusion
∧2p−1p∗ →֒ A2p−1(GLn(C)/U(n)).
It follows immediately that the value of the cocycle
s∗τp ∈ A
2p−1(BGLn(C)
δ)
on the simplex of BGLn(C) with vertices (g0, . . . , gm) is given by the integral∫
∆e(g0,... ,gm)
Tp.
5.6. Tp and the Borel regulator element. In the final step, the idea is
to use the complexification to show that Tp can be interpreted as a class that
transgresses to the pth Chern class of E → B.
An invariant polynomial on gln(C) defines, in an obvious way, an invariant
function on gC. Using 5.2.2 to write the elements of gC as pairs (X,Y ), with
X,Y ∈ gln(C), we have for Qp of (7.4):
Qp(X,Y ) =
1
2
[Cp(X)− (−1)
pCp(Y )] .(5.6.1)
From this, we see that for all X ∈ gln(C),
Cp(X) = 2Qp(X, 0).(5.6.2)
Likewise, we can view Tp (also from 5.4) as an element of the complex Chern-Weil
algebra W(gC, U(n)C), which then determines elements of WC(un ⊕ un, U(n)) and
WC(un ⊕ {0}) ∼=WC(un),
which we continue to denote Tp.
From 5.6.2, it follows that, in WC(un), the relation 2 dTp = Cp holds. In
other words, the invariant form on U(n) defined by 2Tp represents a class which
transgresses to the pth Chern class. The corresponding class in
∧• (un)
∗ ∼→
pr1∗
∧• ((un ⊕ un)/un)
∗ ∼= ∧•(ip∗)
is the image of 2Tp in ∧2p−1(ip∗). By the definition given in 5.2, the Borel element
is represented by the differential form
i2p−1
(
2Tp|∧2p−1ip
)
= (−1)2p−1
(
2Tp|∧2p−1p
)
= −2Tp ∈ ∧
2p−1p∗.
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Combining the above with 5.4 and 5.5, we have shown that the Borel element
is twice the Cheeger-Simons class, and Theorem 3 is proved.
6. Towards a Proof of Conjecture 4
In this section we make use of simplicial methods. Again, see Appendix C for
definitions and constructions.
6.1. The goal. We would have preferred to have Theorem 2 and Conjecture 4
as special cases of the simplicial analogue of Theorem 2, which we have not been
able to prove:
Statement 6.1.1. Suppose that π : P • → X• is a morphism in the category of
smooth simplicial varieties, with X• complete, and that D• and Q• = π
−1(D•) and
are divisors with normal crossings in X• and P •, respectively. Let P• = P • − Q•
and X• = X• −D•. If the restriction P• → X• of π is a principal GLn(C)-bundle
with F 1-connection — i.e., the connection form ω satisfies
ω ∈ F 1E1(|P •| logQ•,End(E•)),
then the image of its Cheeger-Simons class ĉp in H
2p
D (X•,Z(p)) under the natural
homomorphism
F pĤ2p(X• logD,Z(p)) −→ H
2p
D (X•,Z(p))
is the Beilinson Chern class cBp .
Remark 6.1.2. Note that we are not assuming in the above that P • is proper
over X•, but only that it is so “in the horizontal direction”. In practice, P• would
be the frame bundle of a vector bundle E• on X•, and P • the frame bundle of an
extension E• of E• to X•.
The following lemma, whose proof is quite direct, provides good evidence for
the conjecture. (We retain the previous notation.)
Lemma 6.1.3. Suppose that one has two connections ∇0 and ∇1 on E•, and
denote by Θ0 and Θ1 the respective curvature forms. Write ω = ∇1 − ∇0 and ηp
for the solution of
dηp = cp(E•,∇1)− cp(E•,∇0)
given by 3.5.5. If
Θ0,Θ1 ∈ F
1A2(|X•| logD•,End(E•)) and ω ∈ F
1(A1(|X•| logD•,End(E•))),
then
(i) ηp ∈ F
pA2p−1(|X•| logD•));
(ii) cp(E•,∇0) and cp(E•,∇1) represent the same cohomology class in
H2p(F pA•(|X•| logD•)) = F
pH2p(|X•|,C).
Proof. This is a direct consequence of 3.5.4 and 3.5.5, as the assumptions
imply that Θt is in F
1.
The following “refinement” of 6.1.3, which we will soon prove, is a necessary
condition for 6.1.1:
Proposition 6.1.4. Under the conditions of 6.1.3, these two Cheeger-Simons
classes have the same image in H2pD (X•,Z(p)).
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The basic theme in any proof of 6.1.1 is to reduce to the universal case (where
the assertion is a tautology; see 3.2.4, and 6.1.10 below), invoking functoriality. We
wanted to make use of the following device:
Proposition 6.1.5. If X• is a simplicial manifold and P• → X• is a principal
GLn(C)-bundle with connection given by
ω ∈ A1(|P•|,Ad(gln(C))),
then there exists a smooth bisimplicial variety B•• which has the homotopy type of
BGLn(C) and a GLn(C)-principal bundle U•• → B•• with connection
ωU ∈ A
1(|U••|,Ad(gln(C)))
and a morphism of GLn(C)-bundles
P•
G
−→ U••
↓ ↓
X•
g
−→ B••
such that G∗ωU = ω. Moreover, if X• is a smooth simplicial variety such that
ω ∈ F 1A1(|P•|,Ad(gln(C))),
then we can choose ωU to satisfy
ωU ∈ A
1,0(|U••|,Ad(gln(C))).
Proof. Consider the bisimplicial variety U•• whose simplicial variety of m
simplices is the simplicial variety (P•)
m+1 with face maps
di : (P•)
m+1 → (P•)
m 0 ≤ i ≤ m
(u0, . . . , um) 7→ (u0, . . . , uˆi, . . . , um).
The geometric realization of this simplicial variety is contractible as it is the coskele-
ton of the trivial covering (cf. [1] or [31, p. 107]). 6 The free GLn(C) action on P•
induces a free GLn(C) action on U••. Let B•• be the quotient of U••. The resulting
principal bundle U•• → B•• is a model of the universal GLn(C)-bundle.
Define a connection ωU ∈ A1(|U••|, gln(C)) on the bundle |U••| → |B••| by the
compatible family of 1-forms
m∑
j=0
tjπ
∗
jω ∈ A
1(|P•|
m+1 ×∆m),
where (t0, . . . , tm) are the barycentric coordinates of ∆
m, and πj : |P•|
m+1 → |P•|
denote the canonical projections, 0 ≤ j ≤ m.
The canonical isomorphism P• → U•0 induces a GLn(C)-equivariant map G :
P• → U••, and therefore a map g : X• → B•• such that the pair of maps (g, G)
classifies the bundle and the connection. The remaining assertion is easy to verify.
6This may be proved directly as follows. First show that the geometric realization of the
simplicial space is simply connected. This is not difficult, as the fundamental group depends only
on the 2-skeleton. One then shows that this space has trivial integral homology, and is therefore
contractible, by standard arguments.
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Remark 6.1.6. In other words, given a principal GLn(C)-bundle with con-
nection over a complete smooth simplicial variety , we can build a model of the
universal GLn(C)-bundle, and put a connection on this bundle, such that a fixed
mapping of our variety into this model of BGLn(C) simultaneously classifies the
bundle and its connection. Unfortunately the above does not yield a proof of 6.1.1,
for the Maurer-Cartan forms of GLn(C), and hence the connection constructed in
6.1.5, are not logarithmic at infinity for n > 1. This was our fundamental obstacle.
However, 6.1.5 does yield at once the following useful observation:
Proposition 6.1.7. Suppose that ∇1 is a second connection on E• and that
ĉp(E•,∇0) is represented by (cp(E•,∇0),−y), as in 3.5.17. Let ηp be as in 3.5.5.
Then ĉp(E•,∇1) is represented by
(cp(E•,∇1),−(y + ιZ(p)(ηp))) = (cp(E•,∇0),−y) + (dηp,−ιZ(p)(ηp))).
Proof. By the functoriality of cp, ηp and ĉp, it suffices to check this “univer-
sally”, on the model of BGLn(C) from 6.1.5. But there, the Cheeger-Simons class
is completely determined by the Chern form (see 3.4), so it comes down to the
calculation:
δ(y + ιZ(p)(ηp)) = ιZ(p)(cp(E•,∇0)) + ιZ(p)(dηp) = ιZ(p)(cp(E•,∇1)).
Using 6.1.7, we can now give:
Proof of 6.1.4. In the DB-complex of X•, we have that:
(cp(E,∇0),−y)− (cp(E,∇1),−(y + ιZ(p)(ηp))) = (−dηp, ιZ(p)(ηp)) = D(ηp, 0),
so 6.1.4 follows.
The simplicial version of 4.2.1 is
F pĤk(|X•| logD•,Λ) = H
k−1(cone{F pA≥k(|X•| logD•)→ S
•(|X•|,C/Λ)}).
(6.1.8)
Taking k = 2p, and Λ = Z(p), and recalling the definitions in Section 4, we obtain
the following diagram, in which the rows are exact:
0 → H2p−1(|X•|,C/Z(p)) → F
pĤ2p(X• logD•,Z(p)) → F
pA2p(|X•| logD•,Z(p))cl → 0
|| ↓ ↓
H2p−1(|X•|,C/Z(p)) → H
2p
D
(X•,Z(p)) → F
pH2p(|X•|,C)
(6.1.9)
We note that the following is easily read from 6.1.9:
Proposition 6.1.10. If H2p−1(|X•|,C/Z(p)) = 0, then the assertion in 6.1.1
holds for every holomorphic vector bundle on |X•|.
Next, consider the diagram
H2pD (X•,Z(p)) −→ H
2p
D (X•,Z(p))
↑ ↑
F pĤ2p(X•,Z(p)) −→ F pĤ2p(X• logD•,Z(p))
Here, we would like to use 6.1.4 to replace the given connection by one that extends
without singularity to the compactification, without changing the image in Deligne-
Beilinson cohomology; the desired conclusion then follows by functoriality. This can
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always be done when X• is just a single algebraic manifold X = X −D. Thus, the
proof of Theorem 2 (the non-simplicial version of 6.1.1) reduced to the compact
case (see 4.5).
Remark 6.1.11. It should be apparent that the preceding development goes
through verbatim to the setting of simplicial complex manifolds X• that are of the
form X• − D•, with X• compact Ka¨hler and D• a divisor with normal crossings
in X•. In fact, even the condition that X• be Ka¨hler can be dispensed with; one
simply makes the distinction between the two sides (isomorphic when X• is Ka¨hler)
of
F pH•(X•,C)←− H
•(F pA•(|X•| logD•))
and
H•(X•,C)/F
pH•(X•,C) →֒ H
•(A•(|X•| logD•)/F
p),
and takes the right-hand member wherever we have written the left.
We present in Appendix D a couple of plausible techniques we tried in our
unsuccessful attempt to prove 6.1.1.
Appendix A. Fiber integration and the homotopy formula
In this appendix, we present some basic facts needed in Section 3. Let p :
I ×M → M denote the canonical projection of the product of the unit interval
with an m-manifold M onto M . For all i, there is a linear mapping
B : Ai+1(I ×M)→ Ai(M)(A.0.12)
characterized by the formula
T (Bϕ) = ([I]× T )(A.0.13)
for all compactly supported i-currents T on M . Whenever T is the current Tψ
defined by
Tψ(ϕ) =
∫
M
ϕ ∧ ψ (ψ ∈ Am−ic (M)),(A.0.14)
for which
(i) ∂Tψ = (−1)
i+1Tdψ and (ii) [I]× Tψ = Tp∗ψ ,(A.0.15)
A.0.13 becomes
∫
M Bϕ ∧ ψ =
∫
I×M ϕ ∧ p
∗ψ. In fact, in general, Bϕ is just the
integral over I of (∂t⌋ϕ). The mapping B is functorial, in the sense that if g : N →
M is smooth, inducing g˜ : I ×N → I ×M , then
B(g˜∗ϕ) = g∗Bϕ.(A.0.16)
The identity
∂([I]× T ) = ∂[I]× T − [I]× ∂T(A.0.17)
yields at once
B(dϕ) + d(Bϕ) = ϕ1 − ϕ0,(A.0.18)
where ϕt = ϕ|{t}×M . Applied to ϕ = h
∗ω, where h : M × I → N is a smooth
homotopy, and ω ∈ Ai(N), A.0.18 gives the homotopy formula:
(B ◦ h∗)dω + d(B ◦ h∗)ω = h∗1ω − h
∗
0ω.(A.0.19)
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The dual version for currents is
∂(h∗([I]× T )) + h∗([I]× ∂T ) = (h)∗T − (h0)∗T.(A.0.20)
There is a parallel treatment for singular cochains with any coefficients, as
follows. A smooth singular simplex σ : ∆i →M defines a current:
[σ] = σ∗[∆
i],(A.0.21)
such that [∂σ] = ∂[σ]. Using the standard triangulation of I × ∆i, a smooth
mapping
τ : I ×∆i → N
defines a singular chain [τ ] on N . Taking τ of the form
h∗(1 × σ) : I ×∆
i → I ×M → N,
we have
∂h∗(1× σ) + h∗(1 × ∂σ) = (h1)∗σ − (h0)∗σ,(A.0.22)
which under A.0.21 recovers A.0.20. Define, for a smooth singular cochain f on
I ×M ,
(Bf)(σ) = f(1× σ)(A.0.23)
(cf. A.0.13); putting f = h∗τ , we get from A.0.22
B(h∗δτ) + δ(Bh∗τ) = h∗1τ − h
∗
0τ.(A.0.24)
When τ is a differential form (see 3.1), one recovers A.0.19, i.e.:
Proposition A.0.25. The homotopy formula for smooth singular cochains,
when restricted to differential forms, coincides with the homotopy formula for dif-
ferential forms.
Appendix B. Universal weak F 1-connections
We show that if one ceases to impose conditions at infinity, it is possible to
construct a universal “F 1-connection.”
We start with a definition:
Definition B.0.26. A weak F 1-connection on E is a connection for which the
local connection forms and therefore also the curvature lie in F 1A•(X,End(E)).
Imposing the growth condition along D, as in 4.2.1, in B.0.26 gives 4.4.
We introduce the notion of a universal weak F 1-connection. The discussion
proceeds as in that of 2.2. In the setting of 2.2.1, suppose that Y is a complex
manifold, and take G = GLn(C). Let P → Y be a holomorphic principal GLn(C)-
bundle, and
p : T 1,0P → T 1,0Y
be the induced map of holomorphic tangent bundles. We put
Y˜ (1) = {α̂ ∈ Hom(T 1,0Y, T 1,0P/G) : p̂ ◦ α̂ = idT 1,0Y },(B.0.27)
where p̂ : T 1,0P/G → T 1,0Y is induced by p. Then Y˜ (1) can be identified with a
submanifold of the space Y˜ in 2.2.1 in the following way. One makes use of the
canonical splitting (TY )C = T
1,0Y ⊕ T 0,1Y . The projection q(1) : Y˜ (1) → Y then
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becomes a complex affine space sub-bundle of q : Y˜ → Y (via α = α̂ ⊕ 0); a local
holomorphic trivialization of P gives rise to the local description (cf. 2.2.6):
Y˜ (1) ∼= Hom(T 1,0Y, g).(B.0.28)
There is a tautological holomorphic connection on q(1)∗P .
Proposition B.0.29. The weak F 1-connections on P are in one-to-one corre-
spondence with the C∞ sections of q(1); the holomorphic sections of q(1) correspond
to the holomorphic connections on P .
One must remember that the notion of weak F 1-connection is respected under
pullback only by holomorphic maps. For a holomorphic map f : X → Y , the
pullback connection on f∗P is induced by
Hom(T 1,0f(x)Y, g)→ Hom(T
1,0
x X, g).
Taking Y = GC(n), we deduce (cf. 2.2.9, 2.2.10):
Corollary B.0.30. If a holomorphic vector bundle E is classified by a holo-
morphic immersion f : X → GC(n), then every weak F 1-connection on E is
the pullback of the tautological weak F 1-connection on G˜C(n)
(1) by a C∞ lifting
f˜ : X → G˜C(n)(1) of f .
Appendix C. Simplicial de Rham Theory
In this appendix we give a resume of simplicial manifolds, tailored to our present
needs. The principal reference is [15].
C.1. Simplicial manifolds. Let ∆,be the category whose objects are the
finite ordinals
[n] = {0 < 1 < . . . < n} n ∈ N
and whose morphisms are order-preservingmonomorphisms. Of special importance
are the face maps dj : [n− 1]→ [n], the unique morphism that omits the value j.
View [n] as the set of the set of vertices of the standard n-simplex ∆n. Then,
each morphism f : [n]→ [m] of ∆ induces a simplicial map
|f | : ∆n → ∆m.
Definition C.1.1. A (strict) simplicial (resp. cosimplicial) object of a category
C is a contravariant (resp. covariant) functor ∆ → C. Morphisms between strict
(co)simplicial objects in C are natural transformations of functors.
Denote the category of smooth manifolds, each of whose connected components
are second countable, and smooth maps by M.
Definition C.1.2. A simplicial manifold M• is a strict simplicial object of
M. The object ofM corresponding to the ordinal [n] will be denoted by Mn. The
smooth map induced by the morphism f : [n]→ [m] will be denoted by
fM :Mm →Mn.
The geometric realization |M•| of the simplicial manifold M• is defined to be
the topological space ∐
n≥0
(Mn ×∆
n)/ ∼
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endowed with the quotient topology, where ∼ is the equivalence relation which
identifies the points
(x, |f |ξ) ∈Mm ×∆
m and (fM (x), ξ) ∈Mn ×∆
n
whenever f : [n]→ [m] is a morphism.
Observe that simplicial sets can be viewed as simplicial manifolds. In particular,
the standard simplicial model of the classifying space of GLn(C)
δ, the general linear
group with the discrete topology, is a simplicial manifold.
There is a fully faithful imbedding of M into M∆, the category of simplicial
manifolds: The manifold M is taken to the simplicial manifold M• with
Mn =
{
M n = 0
∅ n > 0.
C.2. The de Rham functor. Suppose that C• is a strict cosimplicial cochain
complex of C-vector spaces. Denote the cochain complex corresponding to [n] by
C•[n].
Definition C.2.1. [23, (5.3)] The de Rham complex DC• of C• is the total
complex of the double complex D••C•, where Ds,tC• consists of those elements
(wn) of ∏
n≥0
As(∆n)⊗ Ct[n]
that satisfy the compatibility condition:
(|f |∗ ⊗ id)wn = (id⊗ f∗)wm ∈ A
s(∆m)⊗ Ct[n],
whenever f : [m]→ [n] is a morphism. The differentials in the double complex arise
from exterior differentiation in the simplicial direction s and from the differential
of C• in the t direction.
Now suppose that M• is a simplicial manifold. Applying the usual de Rham
complex functor to M• we obtain a cosimplicial cochain complex A
•(M•) whose
value on the ordinal [n] is A•(Mn).
Definition C.2.2. The de Rham complex A•|M•| of the simplicial manifold
M• is the de Rham complex DA
•(M•) of A
•(M•). It is naturally bigraded:
Ak|M•| =
⊕
s+t=k
As,t|M•|,
where
As,t|M•| = D
sAt(M•).
If M• is a simplicial set, then A
•|M•| is just the Thom-Whitney de Rham
complex of C-valued forms on M• (cf. [37], [38]).
Proposition C.2.3. The association of A•|M•| to the simplicial manifold M•
defines a contravariant functor from the category of simplicial manifolds into the
category of commutative differential graded algebras.
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C.3. The de Rham Theorem. In this section we sketch the de Rham theo-
rem for simplicial manifolds. It is first convenient to introduce the functor C• from
the category of (strict) cosimplicial abelian groups into the category of cochain
complexes: The cosimplicial abelian group A is taken to the cochain complex C•A,
where
CnA = A[n]
and the differential δ : CnA→ Cn+1A is the alternating sum
δ =
n+1∑
j=0
(−1)jdj
of the coface maps di : A[n] → A[n + 1]. When A• is a strict cosimplicial cochain
complex, C•A• is a double complex.
The classical de Rham theorem states that if M is a smooth manifold, the
integration map ∫
: A•(M)→ S•(M,C)
is a quasi-isomorphism which induces an algebra isomorphism on cohomology.
Now, to each simplicial manifold M•, we can associate the strict cosimplicial
cochain complex S•(M•) whose value on the ordinal [n] is S
•(Mn). Applying
the cochain functor C above, we obtain a double complex C•S•(M•). Denote
the associated single complex (total complex) by S•(M•). Note that if M• is a
strict simplicial set, then S•(M•) denotes the usual complex of simplicial cochains
associated to M•.
For each simplicial manifold M•, define a C-linear function
As,t|M•| → S
t(Ms,C)(C.3.1)
by taking the compatible family
(wn) ∈
∏
n≥0
As(∆n)⊗At(Mn)
to the t-cochain
σ 7→
∫
∆s×∆t
ws, σ : ∆
t →Ms.
The following result is a direct consequence of Stokes’ Theorem and the com-
patibility conditions.
Proposition C.3.2. The mapping C.3.1 is a morphism of double complexes.
Corollary C.3.3. The mapping C.3.1 induces a morphism of complexes∫
: A•|M•| → S
•(M•,C).
The following de Rham theorem is a modest generalization of those of Thom
(see [37]) and Sullivan [36]. Proofs of statements similar to the following appear
in [14, 15], [23, (5.4)].
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Theorem C.3.4. For each simplicial manifold M•, the integration mapping∫
: A•|M•| → S
•(M•,C)
is a quasi-isomorphism that induces an algebra isomorphism
H•(A•|M•|)→ H
•(S•(M•,C)) ∼= H
•(|M•|,C).
C.4. Bundles over simplicial manifolds. As is well-known, we may talk
equivalently about vector bundles or about principal bundles, and here we choose
the latter. Let G be a Lie group. A principal G-bundle over the simplicial manifold
M• is a simplicial manifold P• and a morphism π : P• →M• of simplicial manifolds
satisfying:
(i) for each n, π : Pn →Mn is a principal G-bundle;
(ii) for each morphism f : [m]→ [n] of ∆, fP is a morphism of G-bundles:
Pn
fP
−−−−→ Pmy y
Mn
fM
−−−−→ Mm
The second condition guarantees that the principal G-action on P• passes to its
geometric realization:
Proposition C.4.1. If π : P• →M• is a principal G-bundle over a simplicial
manifold, then |π| : |P•| → |M•| is a principal G-bundle, with G-action induced by
∆n × Pn ×G→ ∆
n × Pn
(t, x, g) 7→ (t, xg).
One can define vector bundles over simplicial manifolds similarly.
Definition C.4.2. A connection ∇ on the principal G-bundle P• → M• over
a simplicial manifold M• is a G-invariant 1-form
ω ∈ A1(|P•|,Ad g)
taking values in g (cf. C.2.1), the Lie algebra of G, on which G acts via the adjoint
representation.
As in the classical case, the g-valued 2-form
dω +
1
2
[ω, ω] ∈ A2(|P•|,Ad g)
descends to a g-valued 2-form Θ ∈ A2(|M•|,Ad g). The 2-form Θ is necessarily
unique and is called the curvature of ∇.
We conclude this subsection with a review of the extension of Chern-Weil theory
to simplicial manifolds (cf. [14, 15]). We restrict our attention to Chern classes.
Definition C.4.3. The kth Chern form ck(∇) of a connection ∇ on the prin-
cipal GLn(C)-bundle P• →M• over a simplicial manifold is:
ck(∇) := Ck(Θ) ∈ A
2k|M•|,
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where Θ is the curvature of ∇ and Ck is the invariant polynomial defined in Sec-
tion 1.1.
The standard arguments can be used to prove the following result (see [15]).
Theorem C.4.4. If c0(∇), . . . , cn(∇) are the Chern forms of a connection on
a principal GLn(C) bundle over a simplicial manifold, then
(i) each ck(∇) is closed;
(ii) the cohomology class of ck(∇) is the image under the canonical map
H2k(|M•|,Z(k))→ H
2k(|M•|,C)
of the kth Chern class of |P•| → |M•|.
C.5. Cheeger-Simons classes. Suppose thatM is a simplicial manifold and
Λ an abelian group. Denote by C•(M•,Λ) the cochain complex of compatible
cochains on |M•|. This is, Ck(M•,Λ) consists of those elements (cn) of∏
n≥0
Sk(∆n ×Mn)
that satisfy the compatibility condition
(|f | × id)∗cn = (id×fM )
∗cm ∈ S
k(∆m ×Mn)
for each morphism f : [m]→ [n] of ∆.
The following fact is standard:
Proposition C.5.1. The natural inclusion
C•(M•,Λ) →֒ S
•(|M•|,Λ)
is a quasi-isomorphism.
A direct consequence of the compatibility condition of C.2.1 is that integration
induces a chain map
I : A•|M•| → C
•(M•,C).
This is easily seen to be a quasi-isomorphism.
Definition C.5.2. Suppose that Λ is a subgroup of C. The group of mod Λ
differential characters of degree k of a simplicial manifold M• is defined by
Ĥk(M•,Λ) = H
k−1(cone{A≥k|M•|
ιΛ→C•(M•,C/Λ)}),
where ιΛ is the composite of I with the natural map C
•(M•,C)→ C•(M•,C/Λ).
Since the differential characters are constructed from a cone, we have the short
exact sequence
0→ Hk−1(|M•|,C/Λ)→ Ĥ
k(M•,Λ)→ A
k
cl(|M•|,Λ)→ 0,(C.5.3)
where
Akcl(|M•|,Λ) = {ϕ ∈ A
k|M•| : dϕ = 0 and the periods of ϕ on Hk(|M•|) lie in Λ}.
The construction of the Cheeger-Simons invariant ĉp given in 3.5 works equally
well in the simplicial setting. We use it to define Cheeger-Simons classes
ĉp(E•,∇) ∈ Ĥ
2p(M•,Z(p))
for complex vector bundles E• →M• with connection over simplicial manifolds.
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C.6. Simplicial varieties. Let Alg be the category whose objects are ar-
bitrary disjoint unions of complex algebraic manifolds and whose morphisms are
morphisms of varieties on each component.
Definition C.6.1. A smooth simplicial variety is a strict7 simplicial object of
Alg. The category of simplicial varieties will be denoted by Alg∆.
For later use we record the following result whose proof follows from standard
results in algebraic geometry.
Proposition C.6.2. (a) If Y• is a simplicial variety, then there is a simpli-
cial variety Y • and an open immersion Y• → Y • such that each Y n is com-
plete and such that Y n − Yn is a normal crossing divisor in Y n. Moreover,
if f : Y• → Z• is a morphism of simplicial varieties, then there exist smooth
completions Y • of Y• and Z• of Z• as above and a morphism f : Y • → Z•
whose restriction to Y• is f .
(b) If Y ′• and Y
′′
• are two smooth completions as in (a) of a simplicial variety
Y•, then there exists a third completion Y • of Y• and morphisms Y • → Y ′• ,
Y • → Y ′′• such that the diagram
Y•
ւ ↓ ց
Y ′• ← Y • → Y
′′
•
commutes.
C.7. Complements. Because the cohomology of BGLn(C)
δ and other sim-
plicial varieties that occur naturally in the proof of Theorems 1 and 2 are not of
finite type, we need to say a few words about generalizations of Hodge theory to
that case.
We will say that a simplicial manifold is of finite type if the cohomology of its n-
simplices is finite dimensional for each n. Every simplicial algebraic variety can be
written as the direct limit of simplicial varieties which are of finite type. It follows
that the cohomology, with characteristic zero field coefficients, of every simplicial
variety is the inverse limit of an inverse system of mixed Hodge structures. We
view the cohomology of a simplicial variety as a topological vector space, where
the neighbourhoods of 0 are the kernels of restriction maps to the cohomology of
simplicial varieties of finite type. It is complete in this topology. We extend the
notion of mixed Hodge structures to such topological spaces.
Suppose that Λ is a subring of R with quotient field L. Denote the category
of Λ-mixed Hodge structures by HΛ. Consider the category of completed Λ-mixed
Hodge structures ĤΛ whose objects consist of triples
(HΛ, (HL,W•), (HC, F
•)),
where HΛ is a Λ-module; HL = HΛ⊗ΛL a complete topological L-vectorspace with
an increasing filtrationW• by closed subspaces; HC the complexification of HL with
the corresponding topology and F • a decreasing filtration by closed subspaces. In
addition we suppose that there is a base of neighborhoods (Nα) of 0 in HL such
that for each α;
(HΛ/ (HΛ ∩Nα) , (HL/Nα,W•), (HC/Nα ⊗ C,W• ⊗ C, F
•))
7The modifier strict means that this is the category whose objects come without degeneracy
maps.
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is a Λ-mixed Hodge structure. A morphism
(HΛ, (HL,W•), (HC, F
•))→ (H ′Λ, (H
′
L,W•), (H
′
C, F
•))
consists of a Λ-module homomorphismHΛ → H ′Λ that induces continuous, filtration
preserving homomorphisms HL → H
′
L and HC → H
′
C.
It is straightforward to show that the cohomology of every simplicial variety
inherits a functorial mixed Hodge structure, in the above sense, from its de Rham
complex (cf. [13, (8.1.19)]).
C.8. Deligne-Beilinson (DB) cohomology. Suppose that Y• is a smooth
simplicial variety. By C.6.2 we can find a smooth completion Y • of Y• such that
each Y n − Yn is a normal crossings divisor Dn. Denote by Ip the composite
F pA•(|Y •| logD•)→ A
•|Y•|
I
→S•(Y•),
where F denotes the Hodge filtration of the de Rham complex.
Definition C.8.1. Suppose that Λ is a subring of R and that p ∈ N. The
Deligne-Beilinson (or DB) cohomology H•D(Y•,Λ(p)) of the simplicial variety Y• is
the cohomology of the complex
D•(Y•, Y •; Λ(p)) = cone{F
pA•(|Y •| logD•)
Ip
→S•(Y•,C/Λ(p))}[−1].
As DB-cohomology is constructed from a cone, we have:
Proposition C.8.2. For each simplicial variety Y•, there is natural long exact
sequence
(C.8.3) . . .→ Hk−1(|Y•|,C/Λ(p))→ H
k
D(Y•,Λ(p))
→ F pHk(|Y•|,C)→ H
k(|Y•|,C/Λ(p))→ . . . .
Corollary C.8.4. For each simplicial variety Y•, there is a natural homo-
morphism
Hk−1(|Y•|,C/Λ(p))→ H
k
D(Y•,Λ(p)).
Since a point is a smooth projective variety of dimension 0, every simplicial set
can be regarded as a simplicial variety. Since the Hodge filtration of the de Rham
complex of such a simplicial variety satisfies F p = 0 when p > 0 we have:
Corollary C.8.5. If K• is a simplicial set and p > 0, then the natural homo-
morphism
Hk−1(|K•|,C/Λ(p))→ H
k
D(K•,Λ(p))
is an isomorphism.
Corollary C.8.6. There is a natural isomorphism
H2pD (BGLn(C)
δ,Λ(p)) ∼= H2p−1(BGLn(C)
δ,C/Λ(p)),
where BGLn(C)
δ denotes the classifying space of the general linear group endowed
with the discrete topology.
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C.9. Chern classes in DB cohomology. A vector bundle of rank r over a
simplicial variety Y• is a morphism of simplicial varieties E• → Y• where, for each
n, En → Yn is an algebraic vector bundle of rank r. Beilinson [2] and Gillet [20]
have defined Chern classes
cBp (E•) ∈ H
2p
D (Y•,Z(p))
for vector bundles E• → Y• over a simplicial varieties: Since the splitting principle
holds for DB-cohomology, the existence of Chern classes in Deligne cohomology
reduces to the existence of first Chern classes
c1(L•) ∈ H
2
D(Y•,Z(1))
for line bundles L• → Y•. These are constructed in [2, (1.7)], in the manner of [22].
By a connection on a vector bundle E• → Y• we mean a connection on the
associated GLn(C) bundle P (E•)→ Y• over the underlying simplicial manifold.
Proposition C.9.1. Suppose that Y• is a smooth simplicial variety and that
H2p−1(|Y•|,C/Z(p)) = 0.
If ∇ is a connection on the vector bundle E• → Y• whose pth Chern form satisfies
cp(∇) ∈ F
pA2p(|Y •| logD•),
for some smooth completion Y • of Y• where Y • − Y• is a divisor with normal
crossings, then
(cp(∇),−η) ∈ D
2p(Y•, Y •;Z(p))
represents cBp (E•), where η is any element of S
2p−1(Y•,C/Z(p)) such that δη =
cp(∇).
Proof. The result follows from C.8.2 and the vanishing ofH2p−1(|Y•|,C/Z(p))
which imply that
H2pD (Y•,Z(p))→ F
pH2p(|Y•|,C)
is injective.
C.10. Multisimplicial manifolds and varieties. In some constructions
that one would like to do, such as 6.1.5, one needs to work with multisimplicial
varieties. Define the category of 0-simplicial manifolds to be M, the category of
manifolds. For each n ≥ 1, we define inductively an n-simplicial manifold to be a
strict simplicial object in the category of (n − 1)-simplicial manifolds; morphisms
between two n-simplicial manifolds are natural transformations. The category of
n-simplicial manifolds and morphisms will be denoted byM∆
n
. Just as every man-
ifold can be regarded as a simplicial manifold, every n-simplicial manifold can be
regarded as an (n+ 1) simplicial manifold by placing it in degree 0 of the (n+ 1)-
simplicial manifold, and the empty set in positive degrees. Objects of one of the
categoriesM∆
n
are called a multisimplicial manifolds.
The geometric realization |M•| of an n-simplicial space M• is defined induc-
tively to be the geometric realization of the simplicial topological space |M |• whose
space of k-simplices is the geometric realization |Mk| of the (n− 1)-simplicial man-
ifold Mk.
One can extend the definition of de Rham complex, the de Rham theorem,
Chern-Weil theory and Cheeger-Simons Chern classes to multisimplicial manifolds,
and the definition of Deligne-Beilinson cohomology to multisimplicial varieties, all
in a straightforward way.
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Appendix D. Additional techniques
D.1. Killing the unipotent directions. Let B be a Borel subgroup of G =
GLn(C). Then G is a principal B-bundle over the Grassmannian G/B. If one
decomposes B as T × U , where T is the maximal torus and U is the unipotent
radical, one sees that the trouble in 6.1.6 is that the Maurer-Cartan forms have
second-order poles in the direction of U . But U is contractible. One might try to
replace G by G/U , an algebraic variety of the same homotopy type. We didn’t see
that this was helpful.
D.2. The Q-filtration. Because of 6.1.6, we were led to introduce another
filtration on the de Rham complex that is coarser than the Hodge filtration, yet
induces the same filtration on cohomology.
We begin by letting X be the disc ∆, and D = {0}. The logarithmic (holomor-
phic) de Rham complex
Ω•X(logD) = {OX → Ω
1
X(logD)}
comes with its usual Hodge filtration F . Let Ω•X(∗D) denote the larger complex
of forms that are meromorphic along D. We define a decreasing filtration Q on
Ω•X(∗D) by:
Q0Ω•X(∗D) = Ω
•
X(∗D), Q
1Ω•X(∗D) = F
1Ω•X(logD) = Ω
1
X(logD)[−1],(D.2.1)
and Q2Ω•X(∗D) = 0. In other words, we “discount” a 1-form that has worse than
logarithmic singularities. It is standard that the inclusion Ω•X(logD) ⊂ Ω
•
X(∗D) is
a quasi-isomorphism, and it respects the filtrations.
Proposition D.2.2. The inclusion of filtered complexes
(Ω•X(logD), F ) →֒ (Ω
•
X(∗D), Q)
is a filtered quasi-isomorphism.
Proof. The real content of the above assertion is that
Gr0FΩ
•
X(logD)→ Gr
0
QΩ
•
X(∗D)
is a quasi-isomorphism. This is equivalent to the exactness of
0→ OX → OX(∗D)
d
−→ Ω1X(∗D)/Ω
1
X(logD)→ 0,
which is elementary.
Next, we consider products of the preceding. For X = ∆k, and D the union of
the coordinate axes, so that X −D = (∆∗)k, we use the tensor product of the Q-
filtrations of the factors to define the Q-filtration on Ω•X(∗D); and for the product
of the this pair with a polydisc ∆l, we take the tensor product of the preceding
with the Hodge filtration F of ∆l. It is an easy exercise to check:
Lemma D.2.3. Let X and D be as above, so X −D ∼= (∆∗)k ×∆l. Then the
filtration Q is independent of the choice of coordinates. The inclusion
(Ω•X(logD), F ) →֒ (Ω
•
X(∗D), Q)
is a filtered quasi-isomorphism.
This yields at once the following globalization:
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Proposition D.2.4. Let X be a complex manifold, and D a divisor with nor-
mal crossings on X. Then there is a uniquely-defined filtration Q of Ω•X(∗D),
given by the above in any system of local coordinates adapted to D. Moreover, the
inclusion
(Ω•X(logD), F ) →֒ (Ω
•
X(∗D), Q)
is a filtered quasi-isomorphism.
Remark D.2.5. (i) In contrast to F , the filtration Q is not functorial: e.g., in
two variables dz/w2 ∈ Q1, whereas its restriction to the diagonal is dz/z2 /∈ Q1.
However, if X and D are as in the proposition, and f : X ′ → X is a morphism
of complex manifolds, such that f∗(D) is a reduced divisor with normal crossings,
then pulling back by f respects the Q-filtrations.
(ii) Q is not multiplicative: both dw and dz/w2 are in Q1, but dw∧dz/w2 /∈ Q2.
However, it does induce a functorial, multiplicative filtration on H•(X−D,C), via
the quasi-isomorphism of Proposition D.2.4.
Finally, let X• be a smooth simplicial variety with smooth completion X•, such
that D• = X• − X• has normal crossings, and where the face maps preserve the
Q filtration. One defines in the obvious way a subcomplex A•(|X•| ∗D•) of the
simplicial de Rham complex A•(|X•|), that contains A•(|X•| logD•). One places
the Q-filtration on A•(|X•| ∗D•) by taking the Q-filtration on each A•(|Xn| ∗Dn).
Since the Hodge filtration F of A•(|X•| logD•) is defined similarly, it follows from
D.2.4 that
Proposition D.2.6. Let X• and D• be as above. Then the inclusion
(A•(|X•| logD•), F ) →֒ (A
•(|X•| ∗D•, Q)
is a filtered quasi-isomorphism.
One can determine, at least, that the Maurer-Cartan connection forms, and
then the Chern forms for the connection constructed in 6.1.5, are in Q1 along the
zero and polar loci of the determinant function (recall 6.1.6). However, for this
fact to be useful, one needs a serviceable compactification of the simplicial model
of BG.
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